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Preface 

The first time China sent a team to fMO was in 1985. At the 

time . two students were sent to take pa rt in the 26th IMO. 

Since 1986, China always sent a team of 6 students to IMO 

except in 1998 when it was held in Taiwan . So far up to 2008. 

China has achieved the number onc ranki ng in team effort 14 

times. A great majority of stude nts received gold medals. T he 

fact that China obtained such encouraging result is due to, on 

o ne hand . Chinese students' hard working and perseverance, 

and on the o ther hand , the e ffort of tcachers in schools and the 

training offered by nat iona l coaches. As we believe. it is also a 

result of the educa tional system in China, in particula r , the 

e mphasis on training of basic skills in science educat ion . 

The materials of this book come from a series of two books 

( in Chinese) on Forward to IMO: a colleClion of mathematical 

Olympiad problems (2007 - 2008). It is a collection of problems 

and solutions of the major mathematical competitions in China. 

It provides a glimpse of how the China nationa l team is selected 

and formed. First, there is the China Mathema tical 

Competition, a national event. It is held on the second Sunday 

of October every year. Through the compet ition, about 150 

stude nts a re selected to jo in the China Mathematical Olympiad 

(commonly known as the win te r ca mp), or in short CMO. in 

,·ii 
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January of the second year. CMO lasts for five days . Both the 

lype and the difficulty of the problems match those of IMO. 

Simi larly, the student contestants are requested to solve three 

problems every day in 4. 5 hours. From CMO about 20 to 30 

students are selected to form a national training team. The 

training takes place for two weeks in the month of March every 

year. After six to eight tests, plus two qualifying examinations, 

six students are finally selected to form the national team , 

taking part in IMO in Jul y of that year. 

In view of the differences in education, culture and 

economy of West China 10 comparison with East China, 

mathematica l competitions in West China did not develop as 

fast as in the east. In order to promote the activity of 

mathematical competition. and to upgrade the level of 

mathematical competition , starting from 2001 China 

Mathematical Olympiad Committee conducted the China 

Western Mathematical Olympiad. The top two winners will be 

admitted to the national tra ining team. Through the China 

Western Mathematical Olympiad, there have been two students 

entering the national team and receiving gold medals for their 

performance a t fMO. 

So far since 1986, the China team has never had a female 

student. In order to encourage more female students 

part ici pating in mathematica l competitions. starting from 2002 

China Mathematica l Olympiad Committee conducted the China 

Girls' mathematica l Olympiad. Again, the top two winners will 

be admitted directly into the national trai ning team. In 2007, 

the first gi rl who was winner of China Girls' mathematical 

Olympiad was selected to enter the 2008 China national team 

and won a gold medal of the 49th IMO. 
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Introduction 

Early days 

The Interna tional Mathematical Olympiad (lMO), founded in 

1959. is one of the most competitive and highly intellectua l 

activities in the world for high school students. 

Even before (MO . there were already many countries 

which had mathematics competition. They were mainly the 

countries in Eastern Europe and in Asia. In addition to the 

popularization of mathematics and the convergence in 

educat ional systems among different countries. the success of 

mathematical competitions at the national level provided a 

foundation for the setti ng-up of (MO. The countries that 

asserted great influence are Hungary, the former Soviet Union 

and the United States . Here is a brief review of the IMO and 

mathematica l competitions in China. 

In 1894. the Department of Education in Hungary passed a 

motion and decided to conduct a mathematical competition for 

the secondary schools. The well-known scientist. J. VOIi 

Etov6s. was the Minister of Education at that time. His support 

in the event had made it a success and thus it was well 

publicized. In addition, the success of his son, R . von Etovos. 

who was also a physicist, in proving the principle of equivalence 

of the general theory of relativity by A. Einstein through 
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experiment . had brought Hungary to the world stage in science . 

Thereafter. the prize for the mathematica l competition in 

Hungary was named" Etovos prize". This was the first formally 

organized mathemat ical compet ition in the world. In what 

follows, Hungary had indeed produced a lot of well-known 

scientists including L . Fejer, G. Szego. T . Rado , A. Haar 

and M. Riesz (in rea l analysis), D . Konig ( in combinatorics), 

T. von Karman (in aerodynamics), and J . C. Harsanyi ( in 

game theory). who had also won the Nobel Prize for Economics 

in 1994. They all were the winners of Hungary mathematical 

competition . The top scientific genius of Hungary, J. von 

Neumann . was one of the leading mathematicians in the 20th 

cen tury . Neumann was overseas wh ile the compet ition took 

place. Later he did it himself and it took him half an hour to 

complete. Another mathematician worth mentioning is the 

highl y productive number theorist P. Erdos. He was a pupil of 

Fejer and also a winner of the Wolf Prize. Erdos was very 

passionate about mathemat ica l competitions and sett ing 

competition questions. His contribution to discrete mathematics 

was unique and greatly significant. The rapid progress and 

development of discrete mathematics over the subsequent 

decades had indirectly influenced the types of questions set in 

IMO. An internationally recognized prize named after Erdos 

was to honour those who had contri buted to the education of 

mathematica l competitions. Professor Qiu Zonghu from China 

had won the prize in 1993. 

In 1934, a famous mathema tician B. Delone conducted a 

mathematical competition for high school studen ts in Leningrad 

( now St. Petersburg) in forma l USSR. In 1935 . Moscow also 

started organizing such event. Other than being interrupted 



Introdu.ction 

during the World War II , these events had been carried on until 

today. As for the Russian Mathematical Compet ition (later 

renamed as the Soviet Mathematical Competition ). it was not 

startcd until 1961. Thus. the former Soviet Union and Russia 

became the leading powers of Mathematical Olympiad. A lot of 

grandmasters in mathematics including the great A. N. 

Kolmogorov were all very enthusiastic about the mathematical 

competition. They would personally involve in setting the 

questions for the competition . The former Soviet Union even 

called it the Mathematical Olympiad . believing that 

mathematics is the "'gymnast ics of thinking". These points of 

view gave a great impact on the educational community. The 

winner of the Fields Medal in 1998. M. Kontsevich. was once 

thc first runner-up of the Russian Mathematical Competition. 

G. Kasparov. the international chess grandmaster, was once 

the second runner-up. Grigori Perelman. the winner of the 

Fields Medal in 2006. who solved the fina l step of Poincare's 

Conjecture. was a gold medalist of IMO in 1982. 

In the United States of America. due to the active 

promotion by the renowned mathematician Birkhoff and his 

son. together with G. P61ya, the Putnam mathematics 

compet ition was organized in 1938 for junior undergraduates. 

Many of the questions were within the scope of high school 

studen ts . The top five contestants of the Putnam mathematical 

competition would be entitled to the membership of Putnam. 

Many of these were eventually outstanding mathematicians. 

There were the famous R. Feynman ( winner of the Nobel Prize 

for Physics. 1965). K. Wilson (winner of the Nobel Prize for 

Physics. 1982), j. Milnor (wi nner of the Fields Medal. 1962). 

D. Mumford (wi nner of the Fields Medal. 1974), and D. 
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Quillen ( winner of the Fields Meda l, 1978). 

Since 1972, in order to prepare for the IMO, the United 

States of America Mathematical Olympiad (USAMO) was 

organized. The standard of questions posed was very high , 

parallel to that of the Winter Camp in China. Prior to this. the 

United States had organized American High School 

Mathematics Exami nat ion (AHSME) for the high school 

students since 1950 . This was at the junior level yet the most 

popular mathematics competition in America. Originally. it was 

planned to select about 100 contestants from AHSrvtE to 

participate in USAMO. However. due to the discrepa ncy in the 

level of difficult y between the two compet itions and other 

restrictions , from 1983 onwards. an intermediate level of 

competition. namely. American Invi tational Mathematics 

Examinat ion (AIME), was introduced. Henceforth both 

AHSME and AIME became internationally well-known. A few 

cities in China had pa rticipated in the competition and the 

results were encouragi ng. 

The members of the national team who were selected from 

USAMO would undergo trai ning at the West Point Military 

Acadcmy, and would mcet the President at the White House 

together wit h their parents. Similarly as in the former Soviet 

Union. the Mathematical Olympiad education was widely 

recognized in America. The book " How to Solve it" written by 

George Polya along with many other titles had been translated 

into many different languages. George Polya provided a whole 

series of general heuristics for solving problems of all kinds. His 

influence in the educat iona l community in China should not be 

underestimated. 
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International Mathematical Olympiad 

In 1956, the East European countries and the Soviet Union took 

the initiative to organize the fMO formally . The first 

Internationa l Mathematical Olympiad ( lMO ) was held in 

Brasov, Romania, in 1959 . At the time, there were only seven 

participating countries, namely, Romania. Bulgaria. Poland , 

Hunga ry, Czechoslovakia , East Germany and the Soviet 

Union. Subsequentl y, the United States of America, United 

Kingdom. France, Germany and also other count ries including 

those from Asia joined. Today, the lMO had managed to reach 

almost all the developed and developi ng countries. Except in 

the year 1980 due to financial di ff iculties faced by the host 

country , Mongol ia, there were al ready 49 Olympiads held and 

97 countries participating. 

The mathemat ical topics in the IMO include number 

theory, polynomials, functiona l equations, inequalities, graph 

theory, complex numbers, combinatorics, geometry and game 

theory. These areas had prov ided guidance for setting questions 

for the competitions. Other than the first few Olympiads, each 

IMO is normally held in mid-July every year and the test paper 

consists of 6 questions in all. The actual competition lasts for 2 

days for a total of 9 hours where participants are required to 

complete 3 questions each day. Each question is 7 marks which 

total up to 42 marks. The full score for a team is 252 marks. 

About half of the part icipants will be awarded a medal. where 

1/ 12 will be awarded a gold medal. The numbers of gold , silver 

and bronze medals awarded are in the ra tio of 1 2: 3 

approximately. In the case when a participant provides a better 

solution than the official answer, a special award is given. 

Each participating country will take turn to host the IMO. 
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The cost is borne by the host country. China had successfull y 

hosted the 31 st IMO in Beijing. The even t had made a great 

impact on the mathematical community in China. According to 

the rules and regulations of the IMO . all participating countries 

are required to send a delegation consisting of a leader. a 

deputy leader and 6 contestants. The problems are contributed 

by the part icipating countries and are later selected carefully by 

the host country for submission to the interna tional jury set up 

by the host country. Eventually. only 6 problems will be 

accepted for use in the competition. The host country does not 

provide any question. The short-l isted problems are 

subsequently translated. if necessary. in English . French. 

German. Russian and other working languages. After that. the 

team leaders will tra nslate the problems into their own 

languages. 

The answer scripts of each participating team will be 

marked by the team leader and the deputy leader. The team 

leader will later present the scripts of their contestants to the 

coordinators for assessment. If there is any dispute , the matter 

will be sett led by the jury. The jury is formed by the various 

team leaders and an appointed chairman by the host country . 

The jury is responsible for deciding the final 6 problems for the 

competition. Their duties also include finalizing the marking 

standard. ensunng the accuracy of the translation of the 

problems. standardizing replies to written queries raised by 

participants during the competition . synchronizi ng differences 

in marking between the leaders and the coordinators and also 

deciding on the cut-off points for the medals depending on the 

contestants' results as the difficulties of problems each year are 

different. 
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China had participated in formally in the 26th IMO in 1985 . 

Only two students were sent. Starting from 1986, except in 

1998 when the IMO was held in Taiwan , China had always sent 

6 official contestants to the IMO. Today , the Chinese 

contestants not onl y performed outstandin gly in the IMO , but 

also in the International Ph ysics , Chemistry. Informatics . and 

Biology Olympiads. So far . no other countries have overtaken 

China in the number of gold and silver medals received . This 

can be rega rded as an indicat ion that China pays great attention 

to the training of basic skills in mathematics and science 

education. 

Winners of the IMO 

Among all the IMO medal ists . there were many who eventuall y 

became great mat hematicians. They were also awarded the 

Fields Medal , Wolf Prize and Nevanlinna Prize ( a prominent 

mathematics pri ze fo r computi ng and informatics). In what 

fo llows, we name some of the winners. 

G. Margulis. a silver medalist of IMO in 1959. was 

awarded the Fields Medal in 1978 . L. Lovasz. who won the 

Wolf Prize in 1999. was awarded the Special Award in IMO 

consecutively in 1965 and 1966 . V . Drinfeld, a gold medalist of 

IMO in 1969, was awarded the Fields Medal in 1990 . J . -C . 

Yoccoz and T. Gowers, who were both awarded the Fields 

Medal in 1998 , were gold medalists in IMO in 1974 and 1981 

respectively. A silver medalist of IMO in 1985 , L. Lafforgue, 

won the Fields Medal in 2002. A gold medalist of IMO in 1982, 

Grigori Perelman from Russia, was awarded the Fields Meda l in 

2006 for solving the fina l step of the Poincare conjecture . In 

1986,1987, and 1988, Terence Tao won a bronze, silver , and 
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gold medal respectively. He was the youngest participant to 

date in the IMO, first competing at the age of ten . He was also 

awarded the Fields Medal in 2006. 

A si lver medal ist of IMO in 1977, P . ShoT, was awarded 

the Neva nlinna Prize. A gold medalist of IMO in 1979 . A. 

Razborov, was awarded the Nevanlinna Prize. Another gold 

medalist of IMO in 1986, S. Smirnov, was awarded the Clay 

Research Award. V. Lafforgue, a gold medalist of IMO in 

1990, was awarded the European Mathemat ica l Society prize. 

He is L. Laforgue's younger brother . 

Also. a famous mathematician in number theory. N . 

Elkis. who is also a foundat ion professor at Havard University, 

was awa rded a gold medal of IMO in 1981 . Other winners 

include P. Krollheimer awarded a si lver medal in 1981 and R . 

Taylor a contestant of IMO in 1980. 

Mathematical competition in China 

Due to various reasons, mathematical competition III China 

started relatively late but is progressing vigorously. 

"We are going to have our own mathematical competition 

too!" said Hua Luogeng. Hua is a house-hold name in China. 

The first mathematical competition was held concurren tl y in 

Beijing, Tianjing, Shanghai and Wuhan in 1956. Due to the 

politica l situa tion at the time, this even t was interrupted a few 

times. Until 1962, when the politica l environment started to 

im prove. Beijing and other cities started organizing the 

competition though not regularly . In the era of cultural 

revolution, the whole educational system in China was in chaos. 

The mathematical compet ition came to a complete halt. In 

contrast , the mathematica l competition in the former Soviet 
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Union was still on-going during the war and at a time under the 

difficult political situation . The competitions in Moscow were 

interrupted only 3 times between 1942 and 1944. It was indeed 

commendable. 

In 1978, it was the spring of science. Hua Luogeng 

conducted the Middle School Mathematical Competition for 8 

provinces in China. The mathematical competition in China 

was then making a fresh start and embarked on a road of rapid 

development. Hua passed away in \985. In commemorating 

him , a competition named Hua Luogeng Gold Cup was set up in 

1986 for the junior midd le school students and it had a great 

impact. 

The mathematical competitions in China before 1980 can 

be considered as the initial period . The problems set were 

within the scope of middle school textbooks. After 1980 , the 

competitions were gradually moving towards the senior middle 

school level. In 1981, the Chinese Mathematical Society 

decided to conduct the China Mathematical Competition , a 

national event for high schools. 

In \981 , the United States of America, the host country of 

IMO, issued an invitation to China to participa te in the even t. 

Only in 1985, China sent two contestants to part icipate 

informa lly in the IMO. The results were not encouraging. In 

view of this, another activity ca lled the Winter Camp was 

conducted after the China Mathrmatifcal Competi tion . The 

Winter Camp was later renamed as the China Mathematical 

Olympiad or CMO. The winning team would be awarded the 

Chern Shiing-Shen Cup. Based on the outcome at the Win ter 

Camp, a selection would be made to form the 6 - member 

national team fo r IMO. From 1986 onwards, other than the 
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year when IMO was organized in Taiwan, China had been 

sending a 6 - member team to IMO. China is normally awarded 

the champion or fi rst runner-up except on three occasions when 

the rcsults were lacking. Up to 2006. China had been awarded 

the overall team champion for 13 times. 

In 1990, China had successfully hosted the 31st IMO. It 

showed that the standard of mathematical competition in China 

has leveled that of other leading countries. First, the fact that 

China achieves the highest marks at the 31 st IMO for the team 

is an evidence of the effectiveness of the pyramid approach in 

selecting the contestants in China. Secondly , the Chinese 

mathematicians had simplified and modified over 100 problems 

and submitted them to the team leaders of the 35 countries for 

their perusal. Eventually . 28 problems were recommended. At 

the end, 5 problems were chosen ( IMO requires 6 problems). 

This is another evidence to show that China has achieved the 

highest quality in setting problems. Thirdly. the answer scripts 

of the participants were marked by the various team leaders and 

assessed by the coordinators who were nominated by the host 

countries. China had formed a group 50 mathematicians to 

serve as coordinators who would ensure the high accuracy and 

fairness in marking. The marking process was completed half a 

day ea rlier than it was scheduled. Fourthly, that was the first 

ever IMO organized in Asia. The outstanding performance by 

China had encouraged the other developing countries, especiall y 

those in Asia. The organizing and coordinat ing work of the 

IMO by the host country was also reasonably good. 

In China. the outstanding performance in mathematical 

competition is a result of many contributions from the all 

quarters of mathematical community. There are the older 
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generation of mathematicians . middle-aged mathematicians and 

also the middle and elementary school teachers. There is one 

person who deserves a special mention and he is Hua Luogeng. 

Hc initiated and promotcd thc mathematica l competition. Hc is 

also the author of the following books; Beyond Yang hui's 

Triangle. Beyond the pi of Zu Chongzhi, Beyond the Magic 

Computation of Sun-zi. Mathematical Induction . and 

Mathematical Problems of Bee Hive. These were his books 

derived from mathematics competitions. When China resumed 

mathematica l competition in 1978. he part icipated in setting 

problems and giving critique to solutions of the problems. Other 

outstanding books derived from the Chinese mathematics 

competitions are; Symmetry by Duan Xuefu, Lattice and Area 

by Min Sihe, One Stroke Drawing and Postman Problem by 

Jiang Boju. 

After 1980, the younger mathematicians in China had 

taken over from the older generation of mathematicians in 

running the mathema tical competition. They worked and 

strived hard to bring the level of mathematical competition in 

China to a ncw hcight. Qiu Zonghu is one such outstanding 

representative. From the training of contestants and leading the 

team 3 times to JMO to the organizing of the 31th IMO in 

China , he had contributed prominently and was awarded the P. 

Erdos prize. 

Preparation for IMO 

Currently, the selection process of participants for IMO in 

China is as follows. 

First, the China Mathematical Competit ion, a nationa l 

competition for high Schools, is organized on the second Sunday 



xxii Mathematical Ol}mpiad in China 

In October every year. The objectives are: to Increase the 

interest of students in learning ma thematics. to promote the 

development of co-curricular activ ities in mathematics. to help 

improve the teachi ng of mathcmatics in high schools. to 

discover and cultivate the talents and also to prepare for the 

IMO. This happens since 1981. Currently there are about 

200,000 part icipants taking part. 

Through the China Mathematical Competition. around 150 

of students are selected to take part in the China Mathematica l 

Olympiad or CMO, that is. the Winter Camp. The CMO lasts 

for 5 days and is held in January every year. The types and 

difficulties of the problems in CMO are very much similar to the 

IMO. There are also 3 problems to be completed within 4.5 

hours eaeh day. However, the score for each problem is 21 

marks which add up to 126 marks in total. Starting from 1990, 

the Winter Camp instituted the Chern Shiing-Shen Cup for team 

championship. In 1991, the Winter Camp was officially 

renamed as the China Mathematica l Olympiad (CMO). It is 

similar to the hi ghest national mathematical competition in the 

former Soviet Union and the Un ited States. 

The CMO awards the first . second and third prizes . 

Among the participan ts of CMO. about 20 to 30 students are 

selected to participate in the training for IMO. The training 

takes place in March every yea r. After 6 to 8 tests and another 

2 rounds of qualifying examinations. only 6 contestants are 

short-listed to fo rm the China IMO nationa l team to take part in 

the IMO in July. 

Besides the China Mathematical Competition ( for high 

schools) . the Junior Middle School Mathematical Competition 

is also developing well. Starting from 1984, the competition is 
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organized in April every year by the Popularization Committee 

of the Chinese Mathematical Society. The various provinces, 

cit ies and autonomous regions would rotate to host the event. 

Another mathematica l competition for the junior middle schools 

is also conducted in April every year by the Middle School 

Mathematics Education Society of the Chinese Educat ional 

Society since 1998 till now . 

The Hua Luogeng Gold Cup. a compet ition by invitation, 

had also been successfull y conducted since 1986. The 

participating students comprise elementa ry six and jun ior middle 

one students. The format of the competition consists of a 

preliminary round. semi-finals in various provinces. cities and 

autonomous regions. then the finals. 

Mathema tical competition in China provides a platform for 

students to showcase their talents in mathematics. It encourages 

learning of mathematics among st udents. It helps identify 

talented students and to provide them with differentiated 

learning opportunity. It develops co-curricular activities in 

mathematics. Finally. it brings about changes in the teaching of 

mathematics. 
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China Mathematical 

Competition 

2006 

Popularization Committee of Chinese Mathematical Society and 

Zhejiang Mathematica l Society were responsible for the assignment 

of the competit ion problems in the first round and the exIra round of 

the competition. 

Part I Multiple-choice Questions (Questions 1 to 6, each 

carries 6 marks. ) 

o Let lo.ABC be a given t,iangle. If I BA - tllC I ;;, I XC I 
for any l E R, then M EC is ( ) . 
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(A) an acute triangle 

(C) a right tr iangle 

Solution Suppose LABC = a . 

we have 

( B) an obtuse triangle 

(D ) not known - - -S;nce IBA - tBC I:;;, IAC I , 

- - - - -IBA I' - 2tBA .Bc + I'I BC I':;;, IAC I'. 

Let 

- -BA · BC t = _ • 

I Bc l' 

we get - -~ --I BA I2 - 2 l BA l 2 cos2a + cos2a I BA I2;3: IAC l 2
, 

That means IBA I2 sin2a ~ IAC I2 , i. e . IBAlsina ~ IAC I. 
O n the other hand . let point D lie on line Be such that - --AD .l BC. Then we have IBA Isina = IAD I.:;;:; IAC I. Hence 

I AD I = I AC I , and that means L ACE = ; . Answer: C . 

.. Suppose log,. e2x 2 + x - 1) > 10&2 - 1. Then the range of 

x is ( ) . 

t 
( A ) 2" <x < 1 

1 
( B ) x > "2 and x:;6 1 

(C) x > 1 ( O) O <x < 1 

Solution 
{

X > 0, 
From x :;= 1. we get x > ~, 

2x 2 + x-l > O, 

x =F- 1. 

Furthermore. 

log,.(2x 2 +x - 1) > iog,.2 - 1=> iog,. ( 2x 3 + x 2 - x) > log,,2=> 

{
o < x < t . {X> l. 

or Then we have 
2X 3 + X 2 _ X < 2, 2.z:3 + X 2 _ X > 2. 
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x > ~ and x '* 1. Answer: B. 

.. Suppose A ~ {x I Sx - a " O}, B ~ {x 1 6x - 6 > O}, 

a . bE N, and A n B n N = {2, 3. 4}. The number of 

suehpairs(a,b)is( ). 

(A) 20 ( B ) 25 (C) 30 CD) 42 

Solution Since5x - a ~ O=>x ~ ~, 6x - b > O=>x >:. In 

{

1 ~ : < 2 . 
order to satisfy A n B n N = {2, 3. 4} . we have a 

4 ~ 5 < 5, 

{6 ~ b < 12. 
0' 

20 ~ a < 25. 
So the number of pairs (a I b) is(6) . (5) = 30. 

1 1 

Answer : C. 

e Given a right triangular prism AlB IC ) - ABC with 

LBAC = ; and AB = AC = AA I = 1. let G I E be the 

midpoints of A IBI I CC I respectively; and D , F be 

variable points lying on segments AC, AB ( not including 

endpoints) respect ively. If GD 1.. EF. th e range of the 

length of DF is ( ). 

(A) [Js ' 1) 

(e) [ 1, ./2) 

( B ) [ ~ , 2) 

( D) [Js ' ./2) 

Solution We establish a coordinate system with point A as 

the origin, line AB as the x·axis . AC the y·axis and AA I the z-

axis. Then we have FU l l 0, 0) (0 < t l < 1), E(O. 1, ~), 
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G ( ~ • 0, 1). D(O . t2 ' 0) (0 < t2 < 1) . -Therefore EF 

(tlO - 1, - ~ ), CD = ( - ~ , tz. - 1) . Since CD ..1 EF, we 

get l\ + 2t z = 1. Theo O < l 2 < ; . Furthermore . i5F = ( l 1> 

- l2' 0 ), 

iT -We obtai0-V 5 < I DF I < 1. Answer: A. 

4:» Suppose jex) = Xl + ]ogz(x + lxz + 1 ) . For any a, b E 

R . to satisfy fea) + feb) ~ 0 , the condition a + b ~ 0 is 

( ) . 

(A) necessa ry and sufficient 

(B) not necessary but sufficient 

(C) necessa ry but not sufficient 

(D) neit her necessary nor sufficient 

Solution Obviously jex) = Xl + logz ex + j x 2 + 1 ) is an odd 

function and is monotonica lly increasing. So, if a + b ~ 0, i . e. 

a ~-b. we getfCa) ~ f( - b), fea) ~- f(b) , and that means 

!(a) + !(&) ;;;' 0. 

On the other hand, if fea) + feb) ;;;.:. 0, then fea) ~ 

- feb) = j( - b ). Soa ~- b, a + b ~ O. Answer: A . 

• Let 5 be the set of all those 2007-place decimal integers 

2a\a2a 3 ••• a 2006 which contain odd number of digit '9 ' in 

each sequencea l ' a 2 ' a 3 ' "', a 2006. The ca rdinal number 

of S is 
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(A) .1 (102006 + 82006 ) 
2 

(C) 102006 + 82006 

( B) .1( 102006 - 810(6 ) 
2 

( D ) 102006 - 82006 

5 

Solution Define A as the number of the e lements In S. 

we have 

On the other hand , 

and 

- (2006) (9 - 1) 2006 = .L:: ( - 1) * 92006-* . 
*_0 k 

So 

= ~ (10<006 - 820(6 ). 

Answer: B. 

Part U Short-Answer Questions (Questions 7 to 12. each 

carries 9 marks. ) 

.. Let f(x) = sin4 x - sin x cosx + cos4 x, the range of f(x) 

is __ _ 

Solution As 

f(x) = sin4 x - sinxcosx + cos4 x 
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we define t = sin 2x. the n 

J(x) ~ g(t) ~ 9 - -"-(t +-"-)' 
8 2 2 · 

$0 we have 

and 

min get) 
- 1..,;," 1 

9 1 9 
~ g(t) ~ --- x - ~ O, 

8 2 4 

maxg(t) =g(_ -"- )=2. _-1 XO = .2., 
- 1" ... ';; 1 2 8 2 8 

9 
HeDceO ~ f(x) ~ 8' 

• Let complex number z = (a + cos () + (Za - si n (J) i. If 

I z I ~ 2 fora ny(J E R , then the ra nge of real number a is 

Solution By the definitio n given aoove, we have, for any () E 

R, 

I z I ~ 2 ~ (a + cos (J) 2 + (2a - sin (J) 2 < 4 

¢:::} 2a (cos () - 2sin(}) ~ 3 - Sa 2 

(=)- MasinCO - <p) ~ 3 - Sa 2 

:::::;.. zJ5 I a I ~ 3 - Sa 2 

.f5 
=> 1 a I .;; 5 · 

So the ra nge of a is [ -1, 1], 

o Suppose poi nts F
" 

F 2 a re the left a nd right foc i of the 
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, , 
ellipse ~ 6 + ~ = 1 respectively, and point P is on line l: 

x - ../3y + 8 + 2../3 = 0, When L F\PF2 reaches the 

max imum . the va lue of ratio : ~:: : is __ _ 

Solution Euclidean geometry tells us that, L F \ PF 2 reaches 

the maximum only if the circle through points F 1 , F2 , P is 

tangent to the line 1 at P . Now suppose 1 intercepts the x~axis 

at pointA ( - 8 - 2../3 , 0). Then L APF\ = L.AF2 P, and that 

means 6APF1 U) L,AF2 P. So 

I PF, I 
I PF, I 

I AP I 
I AF, I' 

By using the power of points theorem, we have 

I AP I' ~ I AF, 1· 1 AF, I. 

AsF, ( - 2J3. 0). F , (2J3. 0), A(- S- 2J3, 0), so 

Then we get 

I PF, I ~ I I AF, I J S 
I PF,I VIAF, I ~ S+4J3 

~ J4 - 2J3 ~ J3- 1. 

• Suppose four solid iron balls are placed in a cy linder with 

the radius of 1 cm. such that every two of the four balls 

are tangent to each other , and the two balls in the lower 

layer are tangent to the cyl inder base. Now put water into 

the cylinder. Then, to just submerge all the balls, we 

need a volume of ___ cm) water. 

Solution Let points 0 1 , O 2 , 0 3 , 0 4 be the centers of the 
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(our solid iron balls respectively. with 0 1 , O 2 belonging to the 

two ba lls in the lower layer, and A, B. C. D be the projective 

points of 0 I' O2 , OJ. O. on the base of the cylinder. ABeD 

const itute a sq uare wit h the side of ~. So the height of the 

water in the cylinder must be 1 +1, so that a ll the balls are just 

immersed. Hence the volume of water we need is 

G The number of real solutions for equation 

IS __ _ 

Solution We have 

~ (x + x~ ) (1 + x2 + X4 + ... + X 2004 ) = 2006 

1 1 1 
¢::) x + xJ + x 5 + ... +X2005 +-- +-- +--

X2005 X2003 X ZOO1 

1 + ... +~ ~ 2006 
x 

~ 2006 = x + .1 +Xl + ...L + ... +X2005 +_1-
X x J X 2005 

;, 2 X 1003 ~ 2006. 

where the equal holds if and on ly if x 

X2005 = ~ . Then x =± 1. 
x 

x' 
x 

Since x ~ 0 does not satisfy the origina l equation . x = 1 is 
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the only solution. So the number of real solution is t. 

G Suppose there are 8 white balls and 2 red balls in a packet. 

Each time one ball is drawn and replaced by a white one. 

Thcn thc probability of drawing out all of thc rcd balls 

just in the fourth draw is 

Solution Thc following thrcc eases can satisfy the condition. 

t st draw 2nd draw 3rd draw 4th draw 

Case 1 Red White White Red 

Case 2 White Red White Red 

Case 3 White White Red Red 

So the probability 

P = P(Case 1) + P (Case 2) + P (Case 3) 

( 8) ' 2 I + TO XWXtO 

~ 0.0434. 

Part ill Word Problems (Questions 13 to 15. each carries 20 

marks. ) 

Q) Given an integer 11 :;;<: 2. define M o (xo. Y o ) to be an 

intersection point of the parabola y2 = IIX - 1 and the line 

y = x. Prove that for any positi ve integer m. there exists 

an integer k ~ 2 such that (xU' . y g' ) is an intersection 

point of y 2 = kx - 1 and y = x . 

Proof Since M o(xo . Y o) is an intersection point of y 2 = 71X -
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1 and y = x , we get X u = Y o 
= n ± /n ~ 

2 
4 Then obviously 

1 x o+ - = n. 
x , 

Let (x3' , y3') be an intersection point of y2 = kx - 1 and 

y = x . Then we get 

k = x '" + _,_ , m · 
X , 

We denote k .. = Xo +~. Then, 
x , 

k ..-l-I = k m(xo + ;'o)- km--t = nk", - k m--1 Cm ;:0 2) . CD 

Since k l = 11 is an integer, 

1 ( 1 ) ' k 2 = x5+z = X (I+- - 2 = n 2 - 2 
Xo X o 

is also a D integer. Then . by the principle of mathematical 

induction and CD . we conclude that fo r any posi tive integer m. 

k ", = x cr' + ~ is a positive integer too. Let k = x S' + _,-. So 
xO' xO' 

(Xu . Yo) is an intersection point of y~ = kx - 1 and y = x . 

., Let 2006 be expressed as the sum of five positive integers 

x" X 2' Xl ' x. , IS ' aDd S = 2.; xiXi_ We ask: 
to;;:i<jo;;S 

(1) What va lue o f X l ' X 2 ' X 3 ' x •• Xs will make S the 

maximum? 

(2) Further, if I X i - X j 1~ 2 for anyl ~ i, j ~ 5 , then 

what value of Xl ' X2' X3' X. , X5 will make 5 the 

minimum? You should prove your answer. 

Solution ( 1 ) Obviously the num ber of the va lues of 5 is 

finite, so the maximum and minimum exist . SUpposeX I + X 2 + 
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XJ + x. + Xs = 2006 such that 5 = 2: x ,x ; reaches the 
u :;,<; ... s 

maximum, we must have 

I Xi - Xi 1~1, (1 ~i , j ~ 5). 

Otherwise, assume that <D does not hold. Without loss of 

generality , suppose Xl -X2 ~ 2. Let x~ = x! - I, x; =X2 + 1, 

X; = xi( i = 3,4,5). We have 

= 2006, 

5 2: X iX; 
l"'i<;O 

= X!X2 + (XI + X 2)(X J + X. + Xs) + X 3X . + X 3X S + X .XS . 

5' = x~x~ + (x; +x; )(xJ +X. + xs) 

So 

5' - 5 >0. 

This contradicts the assumption that 5 is the maximum. 

Therefore I X i - Xj I ~ 1 (I ~ i. j ~ 5). And it is easy to 

check that 5 reaches the maximum when 

(2) If we neglect the order in X l ' X 2' X 3 ' X . , x s , there 

could only be three cases: 

(a) 402. 402. 402. 400, 400; 

(b) 402. 402. 401, 401, 400; 

(c) 402,401.401,401.401. 

That satisfy Xl + X2 + X3 + X. + Xs = 2006 and I x, - Xj I ~ 2. 

Cases (b) and (c) can be obtained from Case (a) by setting 

x; = x i - I.x ~ = X j + 1. What we have done in (I) tells us that 
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each step like this will make 5' = L: x:x; greater. So S is the 
10;;;;;<.1" 5 

minimum in Case (a). i . e. x\ = X2 = X 3 = 402 . x. = I s = 400. 

fD Suppose fex) = x 2 + a, Define .fex) = fex)' Fex) = 

[(1"-' (x» , " ~ 2,3, .. . , and !elM ~ (a E R I 11'(0) l.;;l, 

for any n E N}. Prove thalM = [- 2, ! J. 
Proof (a) When a < - 2. then I P (0) I = I a I> 2. therefore 

a f/: M. 

(b) When - 2 ~ a < D. we have I P (0) I = I a I ~ 2. 

Assume that I [ H eO) 1::;;; 1 a 1~ 2for k ~ 2. Sincea 2 :<.:;; - 2afor 

- 2 ~ a < 0 , we get that 

By the principle of mathematica l induction , we conclude that 

I ["(0) I ~ a ~ 2 (y" ;> 1) . 

(e) When 0 ~ a ~ !, we have I P (0) I = I a I ~ ~. 

Assume that I f H (0) I ~ ~ for k ~ 2. We get 

By the principle of mathematica l induction . we conclude that 

I ["(0) I ~ ~ (y" ;> 1) . 

From (b) and (c). we obtain [ - 2, ! ] c M. 

Cd) When a > ! . define a~ = r (0) . We have 

a".1-1 = /,,+1 (0) = jCrCO» = j(a ,, ) = a; +a. 
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thena ~ > a >! foranyn ~ 1 . Since 

( 1 ) ' 1 a ...... 1 - a. = a~ - a. + a = a. - 2 + a - 4 ~ a - 4' 

we get 

a ...... 1 - a = a .+1 - a l 

= (a ...... 1 -a.) + ... + (a 2 -a l ) 

~ n(a - ~) . 

Therefore, 2 - a 
when n > --1 ' we have 

a --
4 

an+l ~ 1I(a - ! )+a > 2 - a + a = 2. 

And that mea ns a f/:. M. 

From (a) - (d), we proved that M ~ [-2 -'-J ' 4 . 

Popularization Committee of Chinese Mathematical Society and 

Tianjin Mathematical Society were responsible for the assignment 

of competition problems in the first round and the extra round of the 

competition. 

Part I Multiple-Choice Questions (Questions 1 to 6, each 

carries 6 marks. ) 

... Given a right sq uare pyramid P-ABCD with L APC = 
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60°, as shown in the figure. prove 

that the cosine of the plane angle 

of the dihedral angle A-PB-C is 

( ) . 

( A) -"-
7 

(C) -"-
2 

( B ) - -"-
7 

(0) - -"-
2 

p 

Solution On PAB , draw AM ..1 PB with M as the foot drop . 

connecting eM and AC, as seen in the f igure. Then L AMe is 

the plane angle of the dihedral angle A - PB - C. We may 

assume that AB = 2. Then we get PA = AC = 2./2. and the 

vertica l he ight of 6 PAB with AB as base is..fi. So we have2 X 

..fi = AM • 2.fi. That rreans AM = Jt = CM. By the Cosine 

Rule we have 

AM2 + CM 2 _ AC 2 1 
cos L AMe = 2 . AM. eM = - 7 ' 

Answer : B. 

41» Suppose rea l number a satisfies 12x - a I + 13x - 2a I ~ a 2 

for any x E R. Then a lies exactl y in ( ). 

(A) [ - ~ . ~ J 

(C) [ - ! . ~ J (o)[- 3.3J 

Solution Let x = ~ a. T hen we have I Q I ~ j. T herefore 

(8 ) and (D) a re excluded . By symmetry , (C) is also excluded . 

Then on ly (A) can be correct. 
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In general. for anyk E R, letx = ~ka. Then the origina l 

inequality becomes 

l a l ' l k - l l + ~ l a 1· lk - ; I;, l a I' . 

This is equivaJent to 

We have 

5 - k - 3 
2 ' 

4 
k ~ 3 ' 

So 

1 - 1.k 
2 ' 

3 - 2 k k < 1 2 ' . 

m;n II k - 1 1+ 1.1 k - .! Il ~ 1. . 
.lE R \ 2 3 3 

The inequality is reduced to I a I ~ ~ . Answer t A . 

• Nine baJls of the same size and color , numbered 1, 2. "', 

9, were put into a packet. Now A draws a ball from the 

packet, noted that it is of number a , and puts back it. 

Then B also draws a ball from the packet and noted that it 

is of number b . Then the probability for the inequality 

a - 2b + 10 > 0 to hold is ( ). 

(A) 52 
81 

(8) 59 
81 

(C) 60 
81 

(D) 61 
81 

Solution Since each has equall y 9 different possible results for 
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A and B to draw a ball from the packet independently, the total 

number of possible events is 92 = 81. From a - 2b + 10 > 0 we 

get 26 < a + 10. We find that whenb = 1,2,3, 4, 5. a can take 

any va lue in 1,2. "', 9 to make the ineq uality hold. Then we 

have 9 X 5 = 45 admissible events. 

When b = 6, a can be 3, 4 , 

admissible events. 

9. and there are 7 

When b = 7, a can be 5,6,7,8.9, and there are 5 

admissible events. 

Whenb = 8, a can be 7.8,9, and the re a re 3 admissible 

events. 

When b = 9 , a can only be 9 . and there is 1 admissible 

events. 

So the required probabi lity is 

Answer : O. 

45 + 7 + 5 + 3 + 1 
81 

61 
81' 

«» Let fCx) = 3sinx + 2eas x + 1. If real numbers a, b, c 

are such thataJ(x) + bf(x -c) = 1 holds for anyx E R, 

then beDS C equals ( ) . 
a 

1 ( A ) - -
2 

( B ) -'-
2 

ee) - 1 ( D ) 1 

Solution Lete = 7(. Then j{x)+j{x-c) = 2 foranyx E R. 

Now le t a = b = i ' and c = 1[. We have 

for any x E R. 

af{x) + bj(x - c) = 1 

Consequently, bcosc =- \. So Answer is (C) . 
a 

More generally, we have 
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lex) = msin(x + 9') + 1, 

[(x -c) = msin(x + 9'- c) +1, 

17 

where 0 <9'< ; and tan 9' = ;. T hcn al(x) + bf(x - c) = 1 

becomes 

masinCx +9' ) + mbsin(x + 9' - c) + a + b = 1. 

That is, 

masin(x +¥' ) + mbsin(x +¥' )cosc 

- .f'i3bsinccosCx +¥') +(a + b - 1) = 0. 

Therefore 

mCa + bcosc)sin(x + ¥') - mbsinecos(x +¥') 

+(a + b - 1) =0. 

Since the equa lity above holds for any x E R, we must have 

{

a + bco" ~ 0, 

bsm e = 0, 

a+b - l = O. 

CD 
@ 

@ 

If b = 0, then a = 0 from CD , and this contradicts ®. So 

b #- 0, and sine = ° from (2). Therefo ree = 2k1[ + 1[ or c = 2k1[ 

(k E Z). 

If c = 2k 1[ , then cos c = 1, and it leads to a contradiction 

between CD and ®. So c = 2k 1[ + 1[ Ck E Z) and cos e = - I. 

From CD and @ , we get a Consequently, bcosc 
a 

= - 1. 

• Given two fi xed circles with 0 1 and O2 as thei r center 

respectively. a circle P moves in a way such that it is 
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tangent to both of them. Then the locus of the center of 

P cannot be ( ) . 

)OC ) ( 
(A) (0 ) 

© 
(C) (D) 

Solution Suppose the radii of the two fixed circles are y! and 

r 2 respectively. and I 0\02 1= 2e. Then . in general . the locus 

of the center of P is given by two conic curves with 0 [ , O 2 as 

the foci, and 
2, 2, 

the eccentricities. 

respectively. ( When r l = r 2 , the perpendicular bisector of 

0 10 1 is a pan of the locus . When c = 0, the locus is given by 

two concentric ci rcles. ) 

When r l = T 2 and y\ + T 2 < 2c , the locus of the centcr of P 

is like ( 8 ) . Whe n 0 < 2c <I r \ - Y 2 I , the locus is like (C). 

When T l ¢ T 2 and T l + r 2 < 2c , the locus is like (D). Since the 

foci of the elli pse and the hyperbola in ( A) are not identical , 

the locus of the cente r of P cannot be eA). Answer: A . 

• Let A and B be two subsets of {1. 2. 3, ' '' , l00 }, 

satisfying I A I = I B I and A n B = 0 . If 71 E A always 

implies 211 + 2 E B, then the maximum of I A UB I is 

( ) . 

( A) 62 ( B) 66 (068 (0) 74 

Solution We will first prove that I A U B I ~ 66, or 

equivalentl y I A I ~33. For this purpose, we only need to prove 
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that . if A is a subset of { I. 2 • .. .• 49 } with 34 elements. then 

there must exist 1'1 E A such that 21'1 + 2 E A. The proof is as 

follows. 

Divide { I. 2, ... • 49 } into 33 subsets: 

{I. 4}. {3 . B}. {S, 12}, ''' , (23, 4B) , 12 subsets; 

{2. 6 ) . {10 . 22 ) . {14 . 30). {18 . 38 ). 4 subsets, 

(25 ) . (27 ). (29 ) • ... • (49 ) . 13 subsel" 

(26 ) . (34) . (42 ) . (46 ) . 4 subsets. 

By the Pigeonhole Principle we know that there exists at 

least one subset with 2 elements among them which is also a 

subset of A. That means there exists 71 E A such that 271 + 
2 E A. 

On the other hand . let 

A = ( I , 3, 5 •...• 23. 2. 10. 14, IB, 25, 27, 29, ", , 49, 

26, 34, 42, 46 ) 

B = {271 + 2 1 71 E A}. We find that A and B satisfy the 

condition and I A UB I = 66. Answer: B. 

Part U Short-Answer Questions (Questions 7 to 12. each 

carries 9 marks. ) 

... Given four fixed pointsA (-3, 0). BO. -1), C(O, 3) . 

D( - I, 3) and a variable point P in a plane rectangular 

coordina tes system, the minimum of 1 PA 1 +1 PB 1 + 
1 PC 1 + 1 PD 1 is ~~_ 

Solution As shown in the figure, assuming that AC and BD 

mect at point F, we have 

1 PA 1+1 PC 1;;,1 AC 1 ~ I FA 1+1 FC 1 

and 
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1 PB 1+1 PD 1;>1 BD I~ I FB 1+1 FD I. 

When P coincides with F, I PA I + I PB 1+ 
I PC 1+1 PD I reaches the minimum. 

That is 1 AC 1 +1 BD 1 ~ 3 .fi + 2 ./5. So 

3.fi + 2 .f5 is the required answer. 

o Given 6ABC and 6 AEF such that B is the midpoi nt of 

EF. Also, AB ~ EF ~ 1, BC ~ 6 , CA ~ /33, andAB . 

Ai + XC. AF = 2. The cosine of the angle between IT -and BC is __ _ 

Solution We have -- -- ----2 ~ AB • AE + AC • AF 

~ AB. (AB +BE) +AC· (AB +Bh 
I. e. 

AB' +AB . BE +AC. AB +AC . BF ~ 2. 

AsAB 2 = 1. 

AC . AB ~ /33 x 1 x 33 + I - 36 ~- l 
2 x/33x I 

- -and BE =- BF, we get 

- - -1 + BF • (AC - AB) - 1 ~ 2 , -- - -- --i. e. BF · Be = 2. Defining 0 as the angle between EF and Be . 

- - 2 we get I BF 1· 1 Be I· coso = 2or 3cos8 = 2. So cas {) = 3 ' 

o Given a unit cube ABeD-AIB \eD!, construct a ball 

with point A as the center and of radius 2'(; . Then the 
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length of the curves resulting from the intersection 

between the surfaces of the ball and cube is ___ _ 

Solution As shown in the figure. the I) C 

surface of the ball intersects all of the six A B 
surfaces of the cube. The intersection , 
curves are divided into two kinds: One 

, 
D, L 

kind lies on the three surfaces including 
, C, , , 

vertex A respectively. that is AA I B 1B, 
A, E IJ , 

ABCD, and AAI DID; while the other lies on the three surfaces not 

including A, that is CC 1DID, A 1BI C 1D l and BBICIC. 

On surface AA IB IB, the intersection curve is arc EF 

which lies on a circle with A as the center. Since AE = 2';; , 

AA I = 1, so L A\AE = ~. In thc samc way L BAF = 2!. 6 • 

Therefore L EAF ~ . That means the length of arc EF is 

There are three arcs of this ca tegory. 

On surface BB IC IC, the intersection curve is arc FG which 

lies on a circle centred at B. The radius equals l' and L FBG = 

~ .f3 
;. So the length of FC is "3 . ; There are also three 

arcs of this category. 

In summary. the total length of all intersection curves is 

fIi) Let { a "} be an arithmetic progression with common 
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difference d Cd oF- 0) and { b~ } be a geometric progression 

with common ratio q, where q is a positive rat ional 

number less than 1. If a! = d, hI 

a posit ive integer, then q equa ls ___ _ 

Solution As 

ai+ a l +a ~ 
hI + 62 + h 

is a positive in teger, 

a i + (al + d)2 + (a l + 2d)2 
h I + b1q + btq2 

we get t +q + q2 = 14. Then 
m 

q =_ .l +J1.. + 14 _ t 
24m 

Since q is a positive rationa l number less than 1, we have 1 < 

~ < 3 , i. e. 5 ~m ~ 13. and 56 ;3m is the square of a rational 
nr m 

number. We can verify that only m = 8 meets the requi red. 

That means q = ;. 

Given f(x) = sin(-rrx) - cos(rrx) + 2 for .l ~ x 
-Ix 4 

the mi nimum of f(x) is __ _ 

Solution By rcwritt ing fex). we have 

j(x) 
.J2sin(1tx - {) +z 

-Ix 

5 
~ 4' 

1 for -
4 

5 
4 . Define g(x) = J2sin( 'I'CX - ~), where 
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! ~ x ~ ~ . Then g(x) ;::::' 0 , and g(x) is monotone increasing 

[1 3J . [3 5J on 4' 4 , and monotone decreasing on 4' 4 . 

3 Further , the graph of y = g(x ) is symmetric about x = 4 ' 

i.e. for any x 1 E [!, ! ] there existsx2 E [!, ~ ] such that 

g(X2 ) = g(X1 ) . Then 

I(X 1) = g(x 1 ) + 2 = g(X2 ) + 2 ;::::. g(x2 ) + 2 = /(X2) . 
..;x; ..;x; ..;x; 

On the other hand. I (x) is monotone decreasing on 

[3 5J (5) 4.f5 4 ' 4 . Therefore I(x) ;::::. I 4 = 5 ' That means the 

minimum value of I(x) on [ !, ~ ] is ~. 

o Four letters, two "a"s and two "b"s, are filled into 16 

cells of a matrix as shown in figure. It is required that 

each cell con tains at most one letter , and 

each row or column cannot contain the 

same letters. Then there are ___ _ 

different ways that the matrix can be 

filled. ( A numerical answer is needed.) 

Solution It is easy to see that there arc(: ) . p~ = 72 different 

ways to put two " a " s into the matrix such that each row and 

each column contains at most one "a". Similarly, there are also 

(:) . p~ = 72 different ways for two "b"s to do the same thing. 

By the multiplicative principle we get 722 ways. Among them 
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we exclude 72 cases in which two "b"5 occupy the same cells as 

the two "a "5 do, and exclude (\6) . p~ = 16 x 72 cases in which 

one "a " shares the same cell with a "6", Therefore there arc 

722 - 72 - 16 X 72 = 3960 different ways that meet the 

requirement. 

Part ill Word Problems (Questions 13 to 15, each carries 20 

marks. ) 
" , 

Let a~ = ~ ken + 1 k) " Prove that a n-t-I < an forrl ~ 2. 

Proal As 

we get a" 

",----;-',;---", '( ' + ' k (71 + 1 k) = TI + t k 11 + 1 

2 " , 
~ --~ - Then for n ;::. 2 we have 

n + t *_1 k ' 

( ' ' )"" , = n + 1 - n + 2 f=: k - (n + 1) (71 + 2) 

= (71 +1)\n + 2)(~ ~ - 1) 
> 0. 

That meanSQ "+1 < a" , 

., Suppose line l through point (0 . 1) and curve C :y = x + 

~(x > 0) intersect at two different points M and N. 
x 

Find the locus of the intersection points of two tangent 

lines of curve C a t M and N respectively. 
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Solution Denote the coordinates of M and N as ( XI ' YI) and 

(Xl' Y2) respectively. Denote the tangent lines of C at M and 

N by II and l 2 respectively, with their intersection point being 

P(x", Yp). Suppose the slope ratio of linel isk. Then we can 

write the equa tion of 1 as y = hx + I. 

Eliminati.ng y from 

I = x +- , 
x 

= kx + I , 

1 wegetx + - = kx + l,i.e. (k - l)x2 + x - l = 0. By the 
x 

assumption. we know that the equation has two distinctive real 

roots . XI and X 2 ' on (O. + = ). Thenk #- 1. and 

D. ~ 1 + 4(k - 1) > 0. 

1 
= l _ k > O. 

From the above we get ~ < k < 1. 

We find the derivative of y = x + .1 asy' = 1 -~. Then 
x x 

y'I"- -"1 = 1 - ~ and y' I"_-"2 x , 

of line I I is 

= 1 -~. Therefore . the equation 
x , 

Y - YI (1 - ;i){X - x1) 

or 
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After simplificat ion . we get 

In the same way. we get the equation of L2 , 

By @) - @. we get 

Since Xl *" X2 ' we have 

Substituting @ and Q) into ®. we obtain x .. = 2. 

By @ + @, we obtain 

where 

2y ~ (2-(-'-+-'-))x +2( -'- +-'- ). " xi x~ , XI X2 

...!..+...!.. = X1+X2 = t, 
Xl X2 XI Xl 

...!.. + ...!.. xi + x~ 
xi x~ xT x~ 

(XI + Xl)2 - 2X,Xl 

xT x~ 

® 

Substituting it into (j) , we have 2y" = (3 - 2k)xp + 2. Since 

x, = 2, then Y , = 4 - 2k. As ; < k < 1 , we get 2 <y" < ~. 

Therefore, the locus of point P is the segment between (2, 2) 

and (2, 2.5) ( not including the endpoints). 
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G Supposef(x +2n:) = f(x) for any x E R. Prove: there 

are f;(x)(i = 1,2.3.4) such that 

(1) f;(x) (i = t. 2 . 3 . 4) is an even function, and 

fi(X + n:) = f,.(x) forany x E Rj 

(2) f( x) = f l (x) + h(x)oosx + h(x)sinx + f . (x)sin 2x 

for any x E R. 

Proof Let g(x) ~ J(x) + J( - x) , and hex) ~ J(x) - J( - x) 
2 2 

Then f(x) = g(x) + h (x), g(x) is an even function. hex) is 

an odd function, and g (x + 2n:) = g(x) . h (x + 2n:) = h (x) for 

any x E R. 

Define 

J 
( ) - g(x) + g(x + . ) 

I x - 2 ' 

{

g(X) - g(x + .) 
2eas x • 

hex) = 
0, 

{,,(X) - hex + . ) 

{

hex) + h(x + . ) 
2sin 2x ' 

f.(x) = 
0, 

x = kn:. 

kx X-F 2 , 

kx 
x =2' 

where k is an arbitrary integer. It is easy to check that f,ex) 

(i = 1 , 2.3. 4) satisfy (t). 

Next we prove that 11 (x) + f2(x)eas x = g(x) for any 

x E R. When x '# kn: + ; , it is obviously true. When x = kn: + 

; • we have 
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gex ) + gex + 7() 

2 

g(x + 11:) = g (br + 3
2
TC) = g(kn + 32)"[ - 2(k + OJ'[) 

= g( - k7( - ~) = g(k1f + ~) = gex ) , 

The proof is complete. 

Further we prove that i 3 ex )sin x + 14 (x )si n 2x = II ex) for 

any x E R. W hen x * kZTr. . it is obviously true. When x = k rr , we 

have 

hex ) = h(kP;) = h(k rr - 2k rr ) = h( - k1r;) = - h(kPJ. 

That means hex) = II (krr) = O. tn this case, 

Therefore h ex) = J3 ex )sin x + J4 ex )sin 2x. 

So 

When x = krr + ;, we have 

hex + rr) = It (k 7t + 3
2
1f ) = h (be + 3

2
1( - 2(k + t)n:) 

=h( - k1C - ;) =- h(k1C + ;) =- hex), 

hex hin x = h ex) - hex + rr) = h ex ) . 
2 

Furthermore. J4 (x)sin 2x = 0, Therefore 

hex ) = h ex )sin x + j 4(x )sin2x . 

This completes the proof. 

In conclusion. J;(x) (i = 1, 2 . 3. 4) satisfy (2) . 
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o Suppose an ellipse with points Bo and B! as the foci 

intercepts side AB o' of 6ABoB l al C,.(i = O. 1) . Taking 

a n a rbitrary point P o on the 

extending line of ABo, draw arc 
~ 

P oQo with Bo, BoP o as the center 

and radius respectively. intercepting 

the exte nding line of C lEo at Q oo 
~ 

Draw arc QOP 1 with C 1 , C JQo as 

the center and radius respectively, 

P, 

;C1'e~~jC~" ~Q' 
" " p. 
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interce pting the extending line of BIA at P I' Draw arc -P IQ , with B" B IP , as the cente r a nd radius 

respectively, intercepting the extending line of BICo at 

Q l ' Draw arc ~ with C O. C OQ I as the center and 

radius respect ively. intercept ing the extendi ng line of 

ABo at P~ . Prove that 

0) P~ and P o are coi ncident , and arcs PoQo and PoQl 
are tangent to each other at P o-

(2) Points Po. Q o. Ql . P I are concyclic. 

Proof (t) F rom the properties of an ellipse we know 

Also , it is obvious that 

BoPo =BoQo. C \Bo+ BoQo =C 1 P I' 

B IC , + C1 P L = B1CO+COQI . C oQ , = CoBo+ B o P ~ . 

Adding these equat ions, we get B oP o = Bo P ~ . 

Therefore P~ and Po are coincident. Furthermore. as P o. 

Co ( the center of Q;Pu) and Bo ( the center of PoQo) are lying - -on the same line . we know that Q \ P O and P oQo are tangent 

at Po. --- --- --- ------(2) We have thus Q 1P O and P oQo. P oQo and QoP\ , QOP 1 

QI respectively. Now we draw 

common tangent lines P o T and 

p \ T through P o and p \ 

respectively. and suppose the 

two line meet at point T. 

Also, we draw a common 

P, 

c (:;.' =~QJi:Q/, 
8, H, 

I' • 

T 
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tangent line R\ 5 \ tllrough Q \ , and suppose it intercepts P o T 

and p \ T at point R \ and 5 \ respectively. Drawing segments 

P OQ I and P \QI' we get isosceles triangles P oQ IR I and P IQIS I 

respect ivel y. T hen we have 

Since 

L P oQ,P , = 11: - LY oQ,R , - L P 1 Q l S I 

= 11: - CLP1PO T - L Q1POP , ) 

- CLPOP 1 T - L Q1P1Po). 

we obtain 

In the same way, we can prove that 

It implies that points P o, Qo, Q I ' P I are concyc1ie . 

• Suppose an infini te sequence { a ~ } satisfies a o = x , a 1 

a .a ,.-I + 1 1 2 y , Q »+I = + . n = , •.... 
a n a ,.-1 

(\) Find all real numbers x and y that sa tisfy (he 

statement : there exists a positive integer no. such that, 

for n ~ n o . an isaeonstanl. 

(2) Find an explicit expression for a • . 

Solution (1) We have 

a1 
- \ 

n , n = 1 . 2 . ... CD 
an + a ,,-\ 

If there exists a positi ve integer n such that a ...tl = a ~ . we get 
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a ~ = 1 and a~ +a..-I *- O. 

Ifrl = I, we have 

I y 1= 1 and x;/: - y . 

Ifn > l.thcn 

a - 1 = a .. l a~ 2 + 1 - 1 
w a ..... l + a ..--2 

and 

Q. + I = a ..-l a ..-2 + 1 + 1 
a ..-l +a ,.....2 

(a. I - 1) (a ..-2 - 1) 

Q....-l + a ..-2 

(a..-l + 1) (a ....-2 + 1) 

a .-I + a ..-2 

Multiplying equations @ and <D . we get 

a 2 - 1 = a~\ -1 
" a ..-l + Q ..--2 

a~2 -1 
+ ,71 ~ 2. 

Q ..-l Q ..-2 

From @ we infer that x and y satisfy either @ or 

I x I = 1 and y :;i:- x . 

n ;;?!: 2, 

n ;::. 2. 

® 

Conversely, if x and y sa tisfy either @ or ®. then a. == 

constant when I I ~ 2 and the constant can only be either 1 or 

- 1. 

(2) From @ and @) . we get 

Let b. 

Q ..-l - 1 
Q..-l+ 1 

a,,-2 - 1 >- 2 
• + 1,71 "...- . 
a ~, 

a - 1 
= a: + 1" Then . for n ~ 2, equation CD becomes 
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Then we get 

here, 

a ~ - 1 

a " + 1 
~ (Y - l) '~' . (X - l) '·d '" 

y+l x + 1· n ",", 2. 

" 

® 

F~ = F'-I + F.-2." ~ 2, Fo = F l = 1. ® 

From ® we get 

The range of n in ~ can be extended to negative integers. For 

example. F-l = 0 . F-2 = 1. Since ® holds for anyn ~O . we get 

a . 
(x + 1)"0-2 (y + l) F"_l 

here F ..--1 ' F,.-:! are determined by @\ . 

.,. Solve the following system of equations. 

{
X- Y + Z -W~ 2' 

x 2 _ y2 + Z2 -w 2 = 6, 

X l _ y J +Zl _ w 3 = 20. 

X4 - y4 +z~ - w 4 = 66. 

~ o. 

Solution Let P = x + z. q = xz. The second to fourth 

equations of the system become 

p2 = x 2 + Z2 + 2q, 

p3 = x3 + Z3 + 3pq. 

p4 = X4 + Z4 + 4 p 2q _ 2q 2. 

Similarly, le t s = y + w , t = yw . The second to fourth 
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equations of the system become 

52 = y2 +w 2 + 2t, 

S 3 = y l + w J + 35[, 

s~ = y. +w· + 4s2 t - 2t 2 , 

Also, the first equation in the system can now be expressed as 

p = s + 2. (j) 

Therefore 

p 2 =52 + 45 + 4, 

p3 =53 + 652 + 125 + 8, 

p. = 5· + 8s3 + 245 + 325 + 16. 

Substituting the expressions of p2. pl . p. and 52 . $3 , s· 

obtained previously into the original system, we get 

x 2 + Z2 + 2q = y2 +w 2 + 2t + 45 + 4, 

X l + Zl + 3pq = y l + w1 + 3st + 65 2 + 125 + 8. 

x· + z· + 4p 2q - 2(/ = y. +w· + 4s2t - 2t 2 + 8s3 

+ 245 +325 + 16. 

Using the second to the fourth equations in the system to 

simplify the above. we get 

q = t + 2s - l , @ 

pq = st + 2s 2 + 4s - 4. CD 

2p 2q _ q2 = 25 2 [ _ [ 2 + 453 + 1252 + 16s - 25. @ 

Substituting CD and @ into ®. we get 

t =; - 1. 
Substituting aD into (2) , 
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q = ~s - 2. @ 

Substituting <D , @ , ® into @, we get s = 2. Therefore l = 0, 

p = 4, q = 3. 

Consequently, x , z and y, w are the roots of equations 

X2 - 4X + 3 = 0 and y2 - 2Y = 0 respectively. That means 

and 

0 

{

X = 3, or {x = 1, 

z = l z = 3 

{
y = 2, or {Y = 0, 
w=O w=2. 

Specifically . the system of equations has 4 solutions: 

x = 3, y = 2, z ~ 1, w = 0; 

x = 3, y = 0 , z ~ 1, w ~ 2; 

x ~ 1 , y = 2. z = 3 , w = 0; 

x ~ 1 , y =0 , z =3 , w ~2, 

2007 

As shown in the figure. A 
, 

L ABe is an acute triangle , E , - , 
with AB < AC. AD is the , , , , , 
perpendicular hcight on BC -- ,\ \ , '\ \ - -'.: -~\ , 

with point P along AD. "', .{J, " 
.' 

Through P draw PE ..L AC B D B' 
---

C 
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with E as foot drop. draw PF .1 AB with F as foot 

drop. 0 1. O2 a rc circumccntcrs of 6 BDF. L::.CDE 

respectively. Prove that 0 , . Ol ' E . Fare concyc1ic if 

and only if P is the orthoccntcr of ,6,ABC, 

Proof Connect BP. CP, 0,02 ' £0 2 • £F and FO I • Since 

PD .l Be and PF .l AB, therefore points B, D, P and Fare 

concyclic . BP is the diameter ; 0 " being the ci rcumcenter of 

.6.BDF, is the midpoi nt of BP. In the same way, C, D, P and 

E a rc concyclic, and O2 is the midpoin t of CPo T hen 0,0 2 1/ 

Be , and L P0 20 1 = L PCB . As 

AF • AB ~ AP • AD ~ AE • AC, 

we conclude that B, C, E and Fare concyclic. 

Sufficiency proof. Assume P is the orthocentcr of .6.ABC. 

As PE .lAC and PF .lAB. We know that points B, 0 1 • P and 

E are colli near. Therefore 

LFO,O , ~ LFCB ~ LFEB ~ LFEO" 

and that means 0 ,. O 2 , E and Fare concyclic. 

Necessity proof. Assume 0 1 • O 2 • E and Fare concycJ ic. 

Then L 0 10 2E + L EFO I = 180°. We havc 

LDt02E = L O t0 2P + L P02E 

~ L PCB + ZL ACP 

~ ( L ACB - L ACP) + ZL ACP 

~ L ACB + LACP, 

LEFO , ~ LPFO, + LPFE 

~ (90· - L ABP) + (90· - L ACB). 

The last ident ity holds because B. C. E and Fare concycJ ic. 

Then 
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L O)Ol E + L EFO ) 

~ L ACB + L ACP + (90' - L ABP) + (90' - L ACB) 

~ 180' . 

That is, L ABP ~ L ACP. <D 

Further. sinceAB < AC and AD ..1 BC , then BD < CD . 

There is point B' on CD such that BD = B'D. Connecting AB'. 

PB, we have L AB' P = L ABP. By CD . L AB' P = L ACP . and 

that means A, p , B', C are concyclic. Then L PB'B = 

L CAP ~ 90" - LACB, and L PBC + L ACB ~ (90' - L ACB) + 
LACB = 90". That means BP .1 AC. Therefore P is the 

orthocenter of 6 ABC . 

• Given a 7 x 8 checkerboard as seen in the figure, 56 pieces 

are placed on the board with each square containing 

exactly one piece. rf two pieces share a common side or 

vertex , they are called "connected". A group of 5 pieces 

is said to have Property A , if these pieces are connected 

orderly in a ( horizontal . 

vertical or diagona l) line. 

What is the least num ber of 

pieces to be removed from the 

board to ensure that there exists 

no group of 5 picces on the 

board which has Property A? 

You must prove your answer. 

1 2 3 45678 

2 H-+++HH -I 
3H-+-H-++H 

:~~ 
6 f--t+-H--t-+-H 
7 LL--L-'--.J---'---'--LJ 

Solution The answer is that at least 11 pieces must be 

removed. The fo llowing is a proof by contradiction. 

Assume that removing 10 pieces from the board would 

satisfy the requirement. We denote the square in row i and 
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column j as (it j). As shown in 

Fig. 1, to ensure there are no groups 

of 5 pieces with Property A. we must 

remove at least one piece from the 

first 5 squares of each row , i. e. 7 

pieces; then in the last three columns. 

2 

J 
4 

l 
6 
7 

I ~ 3 4 S 6 7 8 -

CD ® 

® @ 

we must remove at least one piece Fig. 1 

from the first 5 squares of each column . i . e. 3 pieces. That 

means pieces in squares (i, j) ( 6 ~ i < 7, 6 ~ j :;:;;; 8 ) are 

untouched. By symmetry, we conclude that the picces in the 

shadowed areas of the four corners of the board as shown in 

Fig. 1 are untouched while removing 10 pieces satisfying the 

requirement. Further. it is easy to check that in rows 1, 2. 6. 7 

and columns 1, 2, 7. 8, at least one piece should be removed 

from each row and each column , i . e. 8 pieces. Then at most 

two of pieces named CD, @, (j) , ® in Fig. 1 can be removed. 

However, any piece of the four 

remained will result in a group of 5 

pieces with Property A. For example . 

if piece CD ( in square (3. 3» 

remains. then pieces in (1. 1). (2. 

2 
3 
4 
5 

2). (3. 3). (4, 4 ) , (5. 5) are 6 

connected orderly in a diagonal line. 

That means the removal of 10 pieces is 

impossible to sat isfy the requirement. 

7 

!"345678 -
CD ® 

® 
@ lID 

® <:l> 
® 

® <ill 
@ 

Fig. 2 

On the other hand , as shown in Fig. 2. if we remove the 11 

pieces in squares numbered CD to ®. then there is no group of 5 

pieces that remained on the board having Property A . That 

completes the proof. 
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.. Given the set P = { 1, 2. 3. 4. 5}. define f(m. k) = 

± [m J~ + 1 ] for any k E P and positive integer m. 
i _ I 1 + 1 

where [ a ] denotes the greatest integer less than or equa l 

to a. Prove that for any positive integer 71. there is k E P 

and positive integer m. such that f(m • k) = 71. 

Proof Define setA = {m .Jk+1 1m E N*, k E P } . where 

N' denotes the set of all positive integers. It is easy to check 

that for anyk , . kl E p, k l ;6 k 2 • ~ is an irrational 
k 2 + t 

number . Therefore, for any k " k 2 E P and positive integers 

m " m 2' ml~ =m2~ impliesm l = ln 2andk , = k 2. 

Note that A is an infinite set. We arrange the elements in 

A in ascending order. Then we have an infini te sequence. For 

any positive integer 11. suppose the 11th term of the sequence is 

m v'k+1. Any term before the nth can be written as ln i..li'+"1 . and 

Or equi valent ly, m ; ~m ~. It is easy to see that there are 
i + 1 

[ v'k+TJ . m .JT+T such In i for I = 1,2,3,4, 5. Therefore, 

~ [ v'k+TJ 11 = L.J In ,.------,----. = I(m, k ) . 
i_ I v 1 + 1 

The proof is complete. 
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First Day 
0800 - 1230 January 27.2007 

o Gi ven complex numbersa . b. c. le t 1 a + b 1 = m , 1 a 

b 1 = 11 • and suppose m 71 '* O. Prove that 

max{ 1 ac + b I , 

Proof I We have 

max{ l ac + b I. 1 +"'I )", l b l ' l a, +b l+l a l ' la +"' 1 
a ~ 1 b 1 +1 a 1 

As 

we get 

>- 1 b(ac + b) - a(a + bc) 1 

~ 1 a 1+1 b 1 

_ 1 b2 - a 2 1 

- 1 a 1+1 b 1 

-1-
1 7,;b cf-+[",a=il'i" ",I bi=-;#ra fl ;;, 
/2( 1 a ' 1+1 b' i) 

max{ 1 ac + b I . 1 a + bc I } ~ /=m~"=, 
1m 2 + 7/ 2 

Proof n Note that 

and 
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Leta = l 1CCa + b) and ,8 = 1 ;cCa - b). Then 

1 ac + 6 12 + 1 a + bc 12 = 1 a - ,8 12 + 1 a + ,8 12 

~ 2( 1 a I' +1 ~ I' ). 

Therefore 

(max{l ac + 6 I . 1 a + bc 1} ) 2 ;:::1 a 12 + 1 ,8 12 

11 +'1' 11 -'1' ~ - 2- m ' + - 2- 7/
2

, 

Now we only need to prove that 

11 +' 1' 11 -'1' - 2- m 2 + - 2- n ' 

or equivalently 

11+'1' 11 -' 1' (11+' 1' 11-' 1') - 2- m ' + - 2- 1/
4 + - 2- + - 2- m 2

'1 2 

We have 

>-1 1 -c
2 + 1 + 2c + c2 

~ 2 4 + 1 - 2c +
c21" 4 m n 

This completes the proof, 

Proof m Since 
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m 2 =1 a +b 12 = (a +b)(a +b) = (a + b)(a +b) 

=1 a 2 1+1 b2 I+ab +ab. 

1/ 2 =1 a - b 12 = (a - b)(a - b) = (a - b)(a - 7) 

=1 a 2 1+1 b2 I- ab - ab, 

We get 

l a l'+I &I' 

Lct e = x + yi. x. y E R. Then 

That is 

1 ae +b 12 +1 a + be 12 

= (ae + b)(ac + b) + (a + bc)(a + bc) 

=1 a 12 1 e 12 +1 b 12 +abe + aoc +1 a 12 
+I b 121e 1

2 + abc + ab c 

= ( I e 12 + 1)( 1 a 12 +1 b 12 ) + (c + C" )(ab +ab) 

'+2 . 2_2 
= (x 2 + y2 + 1) m 2 1/ + 2x m 2 n 

' + ' '+ ' >- 111 n 2 + ( , _ ' ) + m n 
~ 2 x mnx 2 

_ m 2 + n 2 (m 2 _ 71 2)2 + m 2 + n 2 
2 m 2

+ 71
2 2 

>- m 2 + 1/
2 

_ ~ ",(,,,n,' _-"n"-'-f)~' 
~ 2 2 m 2 + 71 2 

(max{1 ae + b I . 
m 2 1/ 2 

l a + be l } ) 2~ 2+ 2 " 
m n 

43 
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Or 

• Prove the following sta teme nts : 

(1) If 2n - 1 is a prime number, then for any group of 

dist inct positive integers a! • a2' " ' , a" there exist i , 

. } a ,+ aj 
} E {1 , 2, "' , 71 such that ( ) ~ 211 - 1. 

a o" a j 

(2) If 271 - 1 is a composite number, then there exists a 

group of distinct positive integers a I ' a2, ... • an such 

h Q; + aj 2 f .. 
t a t ( ) < n - l oranyl,} 

Q " a j 
E{1,2. ···.n }. 

Here (x, y) denotes the greatest common divisor of 

posit ive integers x and y. 

Proof ( 1) Let P = 2n - 1 be a prime. Withollt loss o f 

generali ty. we assume that Cal ' Q2 • •••• an) = 1. If there exists 

i(l ~ i ~ 71) such that p lai ' then thereexistsj(:;i: i) such that 

p t aj . Therefore plea ;. Qi )' Then we have 

Next. we consider the case when (a ; , p) = 1, i = 1, 

2, " ', 71 . Then Pfea;. Q j) for any i :F j. By the Pigeonhole 

Principle. we know that there exist i oj:. j such that either 

a j == a j ( mod p) or a , +a j == 0 ( mod p ). 

Case a , == a j (mod p), we have 

a j + a j 

(a i ' a j ) 
= 211-1. 
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Casea , +a j - O( modp ) , we have 

a - + a -
, J >- p = 2n - l . 

(a j ,a j ) ~ 

That completes the proof of (1). 

(2) We will construct an example to justify the statement. 

Since 2n - 1 is a compositc number , we can write 211 - 1 = pq 

where p, q are positive integers grea ter than 1. Let 

a l = 1, a 2 = 2, ··· ,a p = p . a I'+! = p+l, 
a p-t-2 = P + 3 • ... • a ~ = pq - p. 

Note that the fist p elements are consecutive integers, while the 

remainders are 11 - P consecutive even integers from p + 1 to 

pq - po 

When 1 ~ i ~ j ~ p, it is obvious that 

When p + 1 ~ i ~ j ~ n, we have 2 1(a j , a j) and then 

U · + a - a · + a · 
( ' J) ~' 2 J~ pq - p < 2n - 1. 
a i ' U j 

When 1 ~ i ~ P and p + 1 ~ j ~ 11 we have the following 

two possibilities: 

(i) Either i =F- P or j -=F n. Then we have 

U · +a-
( , \ ~ pq - 1 < 211 - 1. 
a" a j 

( ii) i = P andj = n. Then 

a ,. + a j 

(a " a j ) 

That completes the proof . 

= pq = q < 211 - 1 P . 
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.. Let a l • Q 2 ' •• • • a ll be 11 distinct positive integers with 

their sum less than 2007. and write the numbers 1. 2 • .. . • 

2007 in order on the blackboard . Now we define a group 

of 22 ordered operations: 

The i th operation is to take any number on the 

blackboard. and then add a j to it . if 1 ~ i ~ 11 or minus 

ai- 11 from it. if 12 ~ i ~ 22. 

If the final result after such a group of operations is 

an even permutation of 1. 2 • ...• 2007. then we ca ll it a 

"good" group ; if the result is an odd permutation of I, 

2 • .. . • 2007 . then we cal l it a "second good" group. 

Our question is: Which is greater? The number of 

"good" groups or that of "'second good" groups? And by 

how many more? 

(Rmlark Suppose XI ' Xl' •••• X~ is a pennutation of 1. 

2, ... • rl. We call it an even pennutation if II (X i - Xi) > O. 

and othe rwise an odd permutation. ) 

Solution The answer is: The "good" groups is more than the 

" "'second good" groups by II a i . 

More generally, we write numbers 1. 2 • ... • n in order on 

the blackboard. and define a group of L ordered operations: 

The ith operation is to take any num ber on the blackboard, and 

then add b;(b i E Z, 1 ~ i ~ I ) to it. 

If the final result after such a group of operations IS an 

even/ odd permutation of 1. 2 • ... • 11 , then we call it a "good" / 

"second good" group. And the difference between the num ber 

of "good" groups and that of "second good" groups is defined as 
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J(b» b2 • •••• bn 11). Now let us study the property of J . 

Firstly , interchanging b, and bj for any 1 ~ i. j ~ t will not 

affect the value of J. As a matter of fact . it only results in the 

exchange of the dh and j th operations in a group, and will not 

affect the final result after the group's operations. So the value 

of J remai ns the same. 

Secondly. we on ly need to count the number of "good"/ 

"second good" groups with property P - a property attributed 

to any operation group which keeps the numbers on the 

blackboard distinctive from one another after each operation. 

We can prove that the difference between the numbers of 

"good" and "second good" groups with property P is also equal 

10 J. 
In fact, we only need to prove that the numbers of "good" 

and "second good" groups without property P are the same. 

Suppose the dh operation of a "good"/"second good" group 

without property P results in the equal between the pth and qt h 

number on the blackboard ( 1 ~ P < q ~ 11 ) . We change the 

following l - i operations in this way: operations on the pth 

number are changed to operations on the qth number, and vice 

versa. It is easy to verify that the resulted permutation on the 

blackboard of new operation group would be a (p, q) 

tra nsposition of the permutation of the original operation 

group . Then the parities of the two permutations are in 

opposite signs. And that means the num bers of "good" and 

"second good" groups without property P are the same. 

Now, let Q l ' Q 2 ' •••• am be m distinct positive integers with 

their sum less than n. We prove by the principle of 

mathematical induction that 
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• 
f(al. ap "' , a"" - all - ap ... • - a .. ; n) = IT a;. CD 

i _ I 

Ifm = 1, consider a "good"/" second good" group with 

property P. It must be in such a way: The first operation is to 

take a number from 11 - Q I + 1, 71 - Q2 + 2 , "', 11 on the 

blackboard. and add a 1 to it; next operation is to add - a I again 

to it. So the number of "good" groups is a l' while that of 

"second good" groups is O. Therefore CD holds. 

Assume that CD holds for m - 1. We now consider case m. 

According to what discussed above. we may assume that Ql < 
a2 < ... < a., and 

For a group with property P, the first operation must be 

done on the last a [ numbers on the blackboard; the second 

operation be done on the first U2 numbers; the third operation 

done on the first a2 + a 3 numbers; the m lh operation done 

on the first a 2 + ... + a .. < n - a l numbers. And the m + 1 ....., 

2m - 1 th operations will also be done on the first n - a 1 

numbers. Otherwise the sum of the first n - a 1 numbers will be 

less than 1 + 2 + ... + (n - a 1) , a contradiction to property P. 

Therefore, the 2 ....., 2m - 2 operations must be done on the 

first n - a l numbers , and the result must be an even/ odd 

permutation of 1.2 • ... • (11 - al ). which corresponds to each 

one of a l even/ odd permutat ions of 1, 2. "' , 71 derived from 

origina l operation groups. therefore 
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By induction we have 

- u ... a2' UJ • ••• • u .. ; n - a)) 

= j(a2' a 3' "' , a "" - a 2' - a 3' "' , - am; lI - a l ) 

That means <D holds for m. 

Now take 11 = 2007 and m = 11 in CD. Th us arriving at the 

" va lue of II a j . 
j _ l 

Second Day 
0800 - 1200 January 28 ,2007 

e Suppose points 0 and 1 are the circumcenter and incenter 

of 6.ABC respectively, and the inscribed circle of 6.ABC 

is tangent to the sides BC, CA, AB at points D. E, F 

respectively. Lines FD and CA intercept at point p, 

while lines DE and AB intercept at point Q. And points 

M, N are the midpoint of segments PE, QF respectively . 

Prove that OJ ..1 MN. 

Proof We first consider MBC and segment PFD. By 

MelleLaus theorem we have 

Then 

PA ~ CP • AF • BD ~ ( PA + b) p - a . 
FB DC p - , 

( w e define a = BC . b = CA. c = AB. P = ~ (a + b + c) ; and 
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without loss of generality . assume a > c. ) Then we get 

PA ~ b(p - a) 
a - c 

Further, 

PE ~ PA + AE b(p - a) +p - a 
a c 

2(p - c)(p - a) 

ME ~ ~PE ~ (p - c)(p - a). 
2 a c 

MA ~ ME - AE ~ (p - c)(p - a) - (p - a) 
a c 

a c 

(p _ a)2 

a c 

MC ~ ME + EC ~ (p - c)(p - a) + (p - c) ~ (p - c)' 
a - c a - c 

Then we have 

MA ·MC ~ME ' . 

That means ME 2 is equal to the power of M wi th respect to the 

circumscribed circle of .6ABC. Further , since ME is the length 

of the tangent from M to the inscribed ci rcle of MBe, so 

ME 2 is also the power of M with respect to the inscri bed circle. 

Hence, M is on the radica l axis of the circumscribed and 

inscribed circles of 6 ABC. 

In the same way. N is also on the radical axis. Since the 

radical axis is perpendicular to OJ, then 01 .1 MN. That 

completes the proof. 

o Suppose a bounded num ber sequence {a w } satisfies 

hl~ 1 
a ~ < ~ k a~ 1 + 211 + 2007' n = 1, 2. 3. 
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Prove that a" <.1 .11 = \, 2, 3 , .... 
n 

Proof Letb" = a " _ .1. It is routine to check that 
n 

2IoH006 b
t 

bn < ~ k + 1 ' n = 1. 2. 3 ..... .-. 

51 

CD 

We will prove that b" < 0. As {a" ) is bounded . then there 

exists M such that b" < M. When n > tOO 000, we have 

1 
k + 1 

1 -f + 2006 
< M · -

Z 
+ M· 

3n + 1 
Z 

where [x ] is the greatest integer less than or equal 10 x. 

We can subst itute ~ M for M, and go on with the previous 

steps. Then for any m E N we have 

which implies that b" ~ 0 for II ~ 100 000. Substitute it into CD 
we get b" < 0 for n ~ 100000. 

We observe in CD that. if for any 11 ~ N + 1. b. < 0 then 
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b N < O. That means 

bw < Ofor n = 1,2,3, .... 

Th> > ,> h ' lSlmplcs t a{a~ <- , 'I = 1.2.3 • .... 

" 
The proof is complete . 

• Find the smallest positive integer 11 ~ 9 satisfying that for 

any group of integers a " a 2' ''' , Q", there a lways exist 

a i, ' a il ' "' , a ;~ (1 ~ i , < i 2 < ... < i <J ~11) and b; E {4, 

7 )( i = 1, 2, " ', 9) such thalb ,a i, + b2 Q i
l 
+ ... + b9a i. is 

a multiple of 9. 

Solution Leta, = a2 = 1. a )= a. = 3,a5= ··' = a '2= O. 

It is easy to check that any 9 intege rs of them will not meet the 

requirement. So 7/ ~ 13, We will prove that 11 = 13. 

We only need to prove the fo llowing statement : 

G iven a group of m integers a l' Q 2 ' "' , a .. , if there are 

not three a i, • a i, ' a i
J 

in them a nd b
" 

b2 , bJ E {4, 7} such that 

b,a " + b2a i2 + b3a i3 = 0 ( mod 9), then cithcrm ~6 or7 ~m ";;; 

8 and there are a j! ' a il' "' , a i6 in a!, a 2' •••• a m and b1• 

b p .... b6 E {4. 7} such that 9 1 b1 a. j l + b2a i1 + ... + b6a j6 ' 

We define 

Al = { i 11 ~ i ~ m. 9 1 ad , 

A, = {i ~ i ~ m,a j ~ 3(mod 9) }, 

A, ={i ~ i ~ m,a j = 6(mod9) }, 

A. = {i ~ i ~ m, a j - Hmod 3) }, 

A, = (i ~ i ~ m, a ; - 2(mod 3)}. 

Then l A, I+I A, I+I A, I+I A. I+I A, I~ mand 

(1) ifi E A 2 , j E AJ then9 1 4a i + 4an 
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(2) if i E A 4 , j E As then one of 4a ; + 4a j , 4a ; + taj and 

7a i + 4a j is a multiple of 9 as all of them arc divisible by 3 and 

they are distinct according to mod 9; 

(3 ) if either i, j, k E A2 or i . j, k E A3 then 9 I 4a i + 
4a j + 4a*; 

(4) if eitheri. j. k E A. ori. j. k E As then oneof4a ; + 
4a j + 4a* , 4a i + 4a j + 7a . and 4a i + ta j + 7a. is a multiple of 9 

as all of them are divisible by 3 and they are distinctive 

according to mod 9. 

By the assumption. we have I Ai I ~ 2 (1 ~ i ~ 5) . 

If 1 A, I;;, 1. then 1 A, 1+1 A, 1<;; 2. 1 A. 1+1 A, 1<;; 
2. Hence 

m ~ I A, 1+1 A, 1+1 A, 1+1 A, 1+1 A, 1<;; 6. 

Now assume I AI 1= 0 and m ;;;:::. 7. Then 

7 <;; m ~ I A , I+IA, I+I A, I+I A.I +I A, 1<;; 8. 

Further , 

min{l A, 1. 1 A, I) + min {1 A, 1. 1 A, I) ;> 3. 

From (1) and (2) we know there exist i t , i 2 • ••• , i 6 E A 2 U A3 

U A. U A5 (i l < i2 < ... <i6) and6 1 , b2, .. . , 66 E {4, 7} such 

that 9 I b la ;1 +b2ai1 + ... + b6a i6 . 

The proof of statement is complete. 

Now, when n ;;;:::' 13 it is easy to verify with the statement. 

for any group of integers a \ , a 2' ••• , a . , there always exist a i, • 

a i2' ... , a i9(1 ~ i l < i2 < ... < i9 ~ n) andb , E {4, 7} (i = 

1, 2, ... , 9) such that b tai, + b2a i1 + ... + b9a i9 is a multiple of 

9. That completes the proof. 
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2008 

First Day 
0800 - 1230 January 19.2008 

o Let ~ABC be a non-isosceles acute triangle. and point 0 

is the circumcenter. Let A ' be a point on the line AO such 

that L BA'A = L eA'A. Construct A 'A 1 .l AC, A'A 2 ..l 

AB with A t on AC, A 2 on AB respectively. A H A is 

perpendicular to Be at H A ' Write RA as the circumradius 

of 6 H A A 1A 2 • Similarly we have R B • Rc . Prove that 

1 1 1 2 
- +-+- ~ 
RA RB Rc R' 

where R is the circumradius of 6 ABC. 

Proof Fi rstly we claim that A', B, 0, C arc concycJ ic 

points. Otherwise , extend AO to intersect the circumcircle of 

LBOC at point P which is different from A' . We get 

L BPA ~ L BCO ~ L CBO ~ L CPA. 

Then ,6PA 'C v.>D"PA'B. and A'B = A'C. SoAB = ACand 

that is a contradiction since MEC is not isosceles . So 

L BCA' ~ L BOA' ~ 180' - 2L C . 

and LA'CA l = Le. 

Further. we have 

H AA . C A AA' AC = smL = cosL 2 

and 
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So L:.A 2AHA (I) 6 A'AC. In the same way, M 1H AA (I) 

M'BA . Then L A 2H AA = L ACA ' and L A IH AA = L ABA'. 

Consequently. 

L A IHAA 2 = 27r - L A 2HAA - L A 1H AA 

= 21( - L ACA' - L ABA' 

~LA + 2(; - LA) 

= 7r - L A. 

We get 

R R 
R A = A 1A 2 

2sin L A ! HAA 2 

The last equality holds sinee A, A1 , A', A I lie on the same 

circle with AA' as the diameter. 

Now. draw AA" -.l A'C with point A" on li ne A'C. Sinee 

L ACA" = L A'CAl = L C. we haveAA" = AHA. Then 

, AA" 
AA = sin L AA'C 

AH, 
sin(90° L A) 

_ A H A = 2SC>lIJC 

- eos L A BCeos L A' 

From <D , ® we get 

1 
R, 

Becos L A 
5"""" 

cos LA 
Rsin L B sin LC 

= k(l - cot L B cot L C). 

In the same way 
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and 

Notice that 
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1 
R, = ~ (1 - cot L C cot LA) 

ic = kCt - cot L A cot LB) . 

COI L A cOIL B + cot L B cOIL e + cot L C col L A = 1. 

We then have 

_1_+_1 +_1 
R A R a R c 

This completes the proof . 

• Given an integer 11 ~ 3, prove that the sel X = {I, 2 . 

3 • ...• 11 2 - 11 } can be divided into two non-intersect ing 

subsets such that neither of them contains 11 elements a l ' 

allk = 2, "' ,11 - 1. 

Proof Define 

Sk = {k 2 - k +1 , k 2 - k + 2 • ... • k 2 } , 

T~ = {k 2 + 1, k 2 + 2, ''', k 2 + k }. 

...---1 .....-1 

1 + a ,t+l f 
2 or 

Let 5 = U Sk' T = U T • . We will prove that S. T are the *_1 *_1 
required subsets of X . 

Firstly it is easy to verify that S n T = 0 and 5 U T = X. 

Next we suppose for contrad iction that S contains elements 

a l ' a2' "', a n with al < a2 < ... < a. a nd a k for 

k = 2, "' , 11 - 1. Then we have 
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a. - ak-l ~ a.+1 - a. , k = 2, ... , n - \. CD 

Assume that a\ E S it we havei < n - 1, since I S ..-1 I < no 
There exists a t leastn - I Si 1= 11 - i clements in {a\ , a2 ' ... , 

a~} n (S ;+1 U ... U S w_l ) . Applying the pigeonhole principle , 

we get that there is an Sj (i < j < II) which contains at least two 

clements in a I' a 2' ... , a" " That means there exists a. such that 

a., a H-1 E Sj and a k-l E 5 1 U ... U 5 j _ 1. 

Tben we have 

aH-l - a. ~I 5 j 1- 1 = j - I , a. - a._l ~ I T j _ l 1+ 1 = J . 

That meansa .t+! - a. < a. - a *- l ' contradicting CD. 
In the same way. we can prove that T does not contain al' 

a2> ... , a n with the required properties either. This completes 

the proof. 

• Given an integer 11 > 0 and real numbers Xl ~ X 2 ~ ... ~ 

• • 
X n , Y l ~ Y 2 ~ ... ~ Y". satisfying 2: iX i = 2: iy ;. Prove 

• • 
that for an y real number a • .z: x;[ia] ~ .z: Yi[ ia ] , 

where [p] is defined as the greatest integer less than or 

equal to p. 
Proof I We need the following lemma. 

Lemma For any real number a a lld positive number n , we 

ha~ 

.-, 
2:; [ia] .;;; n ~ I[nal 
i - I 

The lemma is obtained by summing inequalities 

Cia ] + [ (" - i)a ] ~ [lIa ] 

for i = 1, 2 , ... . 11 - 1. 

CD 
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Return to the origina l problem. We will prove it by 

induction. For 71 = 1. it is obviously true. 

Assume that fo r n = k, it is also true. Now consider n = 

k + 1. Leta , =x, + ;XH-l' b i =y, + ;Y~'+1 for i = 1, 2 •. .. • 

k. Then we have a 1 ~ a 2 ~ . •• :::;;; a k , b1 ~ 62 ~ •• • :;:: b~ and 
*.. • • 
~ia i = ~ib; . By induct ion we get L,: ai [ia ] ;a. ~bi[ja]. 

In addition. X.-H ~ Y Ht . Otherwise . if XHI < Y HI ' 

we have 

HI HI 

This contradicts L: i Xi = 2: iy ;. So we have 
i _ I i _ I 

.\+1 . 2" 
~x,[;a ] - ~a,[ ;a ] ~ x ... ([ Ck + Da ] - k ~ [;a ] l 

~ YH1{ [ (k + J)aJ- ; ~[iaJ} 
*+1 .. 

~ L; y,[;a] - L; M;a ]. 

*+1 i+l 
That means E Xi[ia ] ~ L: Yi [ia ]. 

By induction . we complete the proof for a ny in teger 1/ > 0, 

Proof n Define Xi = Xi - Yi for i = 1, 2, "', 71, we have 

" 
%1 :::;;; X2 :::;;; ., - :::;;; z. and L: iX i = 0, We onl y need to prove that 

i _ I 

" L; z,[;a] ;, D. 
i - I 

Let A l = %1,62 =%2 - ZI' "', t::... = z. - Z~-l . Then zj = 
, 

L:D.j Cl ':;;;i ':;;; 11), and 
j - I 
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o ~ I>z; ~ ~i ~Aj ~ ~Aj ~i. 

So we have 

Then 

" ~ o' " " 

~dial ~ ~ [ia l ~Aj ~ ~Aj ~ [ia l 

~ ~Aj ~ [ ia l - ~Aj (~i/ ~i)~ [ia l 
j _ 2 ' _ j j _ 2 ' _ j . _ 1 ; _ 1 

~ ~'" ~i . (~ ["' l/ ~i - ~ ["'l/ ~i). 
; - 2 ; - j ; - j ; - j . - 1 ;- 1 

Then. in order to prove ® we only need to prove that for any 

2 ~ j ~ n, the following inequality holds 

But 

@) "" ~ [ia l/ ~i ;o, ~ [ ia l/ ~i 
; - j ; - j ; - 1 ; - 1 

" " j - I ; - 1 

"" ~ [ia l/ ~i ;0, ~ [ial/ ~i. 
; _ 1 i _ I i _ I i _ I 

Then we only need to prove, for any k ? 1 , 

that is equivalent to prove 

• 
[ (k + t)a l · k / 2 ;o, ~ [ia l 

• "" ~([(k + t)a l -ria l -[(k +1 - Dal ) ;0, 0. 
i _ I 
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Note that . [x + y ] ~ [x ] +[y ] holds fo r any real num bers 

x , y , hence @ holds. The proof is complete. 

Second Day 
0800 - 1230 January 20 ,2008 

o Let 11 > 1 be a gi ven integer and A be an infinite set of 

positi ve integers satisfying: for any prime ptn. there exist 

infinitely many elements of A not divisible by p. Prove 

that for any integer m > 1. (m, 11) = t , there exists a 

finite subse t of A whose sum of elements . say S, satisfies 

S - 1 ( mod m ) aDd S - 0 (mod 11 ) . 

Proof I Suppose a prime p satisfies p' I 1n . Then from the 

given conditions. there ex ists an infinite subset A1 of A such 

that p is coprime to every element in A 1 • 

By the pigeonhole principle . there is an infinite subset A 2 

of A 1 , such thal x == a ( mod '11171 ) , for each element x E Az• 

where a is a posit ive integer and pta. 

Since (m , n ) = 1, we have (po, 7;:1) = 1. By the Chinese 

Remainder Theorem , We know that 

CD 

have infinitely many solutions. Among them we take one as x . 

Next define B , as the set of the first x elements in A 2 , 

as the sum of a ll e lements in B, . Then we have S , - ax 

m n ). By CD we have 

S, = ax = 1 (mod P" ) , S, = 0 (mod;:'). 

and S, 

( mod 
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Suppose that m = M' ··· M • • and for every Pi C! ~i ~ k -

1) select a fin ite subset B, of A. where B, c A \B , U ... U B,-I . 
such that S '; • the sum of a ll the elements in B ;. satisfies 

S'; == 1 (mod pr ; ). S'; == 0 (mad ;;: ) . (i) 

• Let B = .UB; . whose sum of elements then satisfies S = .<, 
• LSi. According to (i) . we haveS - 1 ( mod p 'f;) (1 ~ i ~ k) . 

and S ::;:; 0 ( mod rI). So B is the required subset, and the proof is 

complete. 

Proal IT Divide every element in A by mrl . and let the 

remainders which occur infinitely be (i n order) a,. a 2' . ••• a t . 

We claim that 

(a I , a 2' "' , a . , m) = 1. 

Otherwise, assumethatp I (a i , a 2, "', a t . m) . Then P"i- n. 

since (m, rI ) = 1. By the given conditions we know that there 

exist infinitely many elements of A not divisible by p. But by 

the definition of a l ' a 2 ' • •• • a • • the number of such elements 

are finite. Then by con tradiction . CD holds. Consequen tly . 

there are XI ' X 2' "' , x. , y . satisfyinga lxl + a 2x 2 + ... + 
a .x. - ym = 1. Choose a suitable posit ive integer r such that 

rn = 1 (mod m ) . Then 

We select in order m x; elements from A such that the 

remaindersbymrl area ,( i = 1, 2, "', k). The set of a ll these 

elements is acquired . 

o Find the least positive integer n with the following 
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property: Paint each vertex of a regular l1-gon arbitrarily 

with one of three colors. say red . yellow and blue , there 

must exist four vertices of the same color that constitute 

the vertices of some isogonal trapezoid. 

Solution We claim that the least positive integer /I is 17 . 

Firstly we prove that 'I = 17 has the req ui red property. By 

contradiction. assume that we have a painting pattern with 

three colors for the regular 17-gon such that any group of 4 

vertices of the same color cannot constitute an isogonal trapezoid. 

As [ 17 3- 1 J+ 1 = 6, there ex ists a group of 6 vertices of the 

same color, say yellow. Connecting these vertices one another 

with lines. we get (~) = 15 segme nts. Since the le ngths of the 

segments have at most [ ~J = 8 variations, one of the following 

1 wo cases must exist: 

(a) There is a group of three segments with the same 

lengt h. Since 3'}7, not every pair of the segments in the group 

has a common vertex . So there are two segments in the group 

which have no common vertex. T he four vertices of the two 

segments const itutes an isogonal trapezoid , and this is a 

con tradiction. 

(b) There are 7 pairs of segments with the same length. 

Then each pair must have a common vertex for its segments. 

Otherwise, the 4 vertices of the segments III a pair with no 

common vertex will const itute an isogonal trapezoid. On the 

other hand, by the pigeonhole principle. we know that there 

are two pairs which share the same vertex as their segments' 

common vertex. Then another four vertices of the segments in 
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these two pairs constitute an isogonal trapezoid. This leads to a 

con tradiction again. So" = 17 has the required property. 

Next we wi ll construct pa inting patterns for 'I ~ 16. which 

do not have the required property. Define AI, An "' , A ~ as 

the vertices of a regular 1I-gon <order in clockwise), and M I . 

M 2 , M 3 as the sets of vertices with the same color - red. 

yellow and blue respectively. 

When" = 16. let 

M l = {A s , A~ , A n ' A lP A lb} ' 

M 2 = {A 3 • A 6 , A 7 • Au . A Is }, 

M 3 = {A I , A 2 • A., A 9 • A lO • A u}. 

In MI . it is easy to check that the distances from A I4 to the 

other 4 vertices are different from each other. and the latter 4 

vertices const itute a rectangle. not an isogonal trapezoid. 

Similarly. no 4 vertices in M2 const itute an isogonal trapezoid 

either. As to M 3 • the 6 vertices in it are just vertices of three 

diameters. So any group of four vertices Ihal constitutes either a 

rectangle or a 4-gon wi th its sides of different lengths. 

When " = 15, let 

M l = {AI, A 2 • A J> A s. A s}. 

M 2 = {A b , A" . A 13 • AlP A ls } , 

M 3 = { A~ , A 7 • A IO • A ll ' A 12 }. 

It is easy to check that no four vertices in each M i (i = 1. 2, 3) 

that constitute an isogona l trapezoid. 

When 11 = 14, let 

M l = {A I , A 3 , A s , A lO , A I.} , 

M 2 = {A 4 , A s, A 7 , A u, A I2 }, 

M 3 = {A 2 , A 6 , A 9 , A n} . 
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This can be verified easily. 

When 11 = 13, let 

M l = {A s , A 6 , A 7 , A 1o } , 

M 2 = {A I , As , A n , A 12 } , 

M 3 = {A 2 , A p A., A 9 , A D}. 

This can be easily verified too. As in this case, we drop A ll 

from M p then we arrive at the case for n = 12; further drop 

A 12 • we have the casen = 11; and further drop A ll ,we get the 

case n = 10. 

When 11 ..,;;; 9, we can construct a painting pattern such that 

I M ; 1<4 ( i = I. 2. 3). to ensure that no four vertices of the 

same color constitute an isogona l trapezoid. 

By now, we have checked all the cases for 11 .;:;;; 16. This 

completes the proof that 17 is the least va lue for 11 to have the 

required property . 

• Find all triples (P. q, 71 ) such that 

where p, q are positive odd primes and 11 > 1 is an integer. 

Solution It is easy to check that (3. 3 . 11) ( n = 2.3, ... ) 

satisfy both equations . Now let ( p. q , n ) be anot her triple 

satisfying the condition. Then we must have p #- q, P * 3. q *' 
3. We may assume that q > p ~ 5. 

If 11 = 2. then q2 I p~ -3~. orq2 I ( p 2 _ 32) (p 2 + 32 ). Then 

either q2 I p 2 - 32 or q2 I p 2 + 32 , since q cannot divide both 

p 2 _ 32 and p 2 + 32. On the other hand. 0 < p 2 _ 32 < q2 , 

~ (p 2 + 32) < p 2 < q 2. This leads to a contradiction. 

So II ? 3. From p n I q n+l - 3n+l , q " I p n+2 - 3n+l • we get 
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Since p < q, and p. q primes. we have 

Then p ~qW ~ p -..+2 + q -..+2 _ 3,""2 < 2q-"+2 . That means P" < 2q 2. 

As q" I p «+2 - 3,""2 and P > 3 , We have q" ~ p ,""2 - 3..-+2 < 

p -..+2, and consequent ly q < p 1~ . Since P" < 2q2, we have p. < 

2p2P" < p l+7, . So 11 < 3 + ..! , and we get 11 = 3. Then p3 I q5 -
n 

35, q3 I p5 - 35 • 

From 55 - 35 = 2 X 11 X 131, we know p > 5; from p3 

I q5 - 35 we know p I q5 - 35 • By the Fermat's little theorem , 

we get p I q,,- 1 - Y -l. Then p I q(s.,o-o _ 3(5. ,,-0 . 

If (5, P - 1) = 1, then p I q - 3. From 

= 5 X Y(mod p) 

q5 3s 
andp ~ 5, we get p '} q - 3' Sop ) I q - 3. Fromq31 p5 - 3s , 

we get q' ~ p5 - 35 < p S = (p3)1 < q 1. This is a contradiction . 

So we have (5, p - 1) ::;6 1. and that means 5 I p - 1. In a 

similar way , we have 5 I q - 1. As (q, P - 3) = 1 (since q > 

I 
p' - 3' 

P ;:0 7 ) and q 3 I p S - 35 
, we know that q3 p 3' Then 

From 5 I p - 1 and5 I q - 1 , we get p ;:O Il and q ;:0 31. So 
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< P • • _ 1_ ,;:: Up' 
3 """ 8 . 

1 - -
P 

8 t .J. 
Then we have p > (11) q' . Consequentl y, 

But this contradicts CD which says p3 q l I p 5 + q S - 3s. 

So we reach the conclusion that (3, 3. 71 ) (71 = 2.3 •... ) 

are all the triples that satisfy the conditions. 



China National 

Team Selection Test 

Firs! Day 
0800 - 1230 March 31 ,2007 

.... Let AB be a chord of circle 0 , M the midpoint of arc 

AB . and C a point outside of the circle O. From C draw 

two tangents to the circle at poin ts S. T. MS nAB = E. 

MT nAB = F. From E. F draw a line perpendicular to 

AB, and inte rsect ing as, OT at X. Y respectively. Now 

draw a Line from C which intersects the circle 0 at P and 
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Q. Let Z be the circumceoter of 6 PQR. Prove that X . 

y, Z arc collinear. 

Proof Refer to the figure, join points 

o and M. Then OM is the perpendicula r 

bisector of AB. So 6 XES (/) L OMS . 

and thus SX = XE. 

Now draw a circle with center X 

whose radius is XE. Then the circle X is 

tangent to chord AB a nd line CS. Draw 

the circumcircle of 6 PQR. line MA and 

line Me. 

lt is easy to see ( 6 AMR en 6 PMA etc) 

MR· MP = MA 2 = ME · MS. 

By the Power of a Point theorem, 

CQ. CP ~ CS' . 

c 

CD 

So M. C are on the radica l axis of circle Z and circle X . Thus 

ZX -L MC. 

Simi la rl y. we have ZY 1.. MC. 

So X, Y. Z are collinea r. 

The rational number x is called " good" if x = .l!.- > 1, 
q 

where p . q are coprime positive integers. and there arc a 

and N such that for every integer 11 ;=: N, 

where {a} = a - [a J, and [ a ] is the greatest integer less 

than or equal to a. 
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Find all "good" rational num bers. 

Solution I t is obvious that any integer greater than 1 is 

"good" . we will prove that every "good" rational number x e> 1) is 

an integer. 

Let x = k > 1 be a "good" number. Denotem ~ = [X,..H ] 
q 

[ x"]. Then if II ;:: N. we have 

1 (x - llx' - m , 1 

~ 1 {x"' } - {x '} 1 

~I {x" ·'} - a 1+1 {x ' } - a 1 
, 

~ P + q' 

In view of ex - l )x~ - m .. = L, where y E Z, and 
q"+! 

gcd (y. p .. +l ) = 1. So 

1 (x - llx' - m, 1<_+' . p q 

Thus, 

I qm,,+! - pm" I 

=1 q«x - Ox"+! - m O+I ) - peex - t)x" - m .. ) 

~ q I (x - t)x"'+! - m 0+1 1+ p I ex - Ox" - m" I 

< -q- +-p- = 1. 
P + q P + q 

- p Thereforem "-+l - - m ... n ;:: N . 
q 

It follows that m ..-H 
p' 

= ""T 111 .. , k E N* • n ;:: N. Now let 
q 

k - + 00 and 71 large enough such that 
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m ~ > (x - D x" - 1 > 0. 

We can conclude that q = 1. So x (> 1) is an integer . 

.., There are 63 points on a circle C wit h radius to . Let S be 

the number of triangles whose sides are longer than 9 and 

whose vert ices are chosen from the 63 points. Find the 

maximum value of S. 

Solution Let 0 be the centcr of circle C , a" is the length of a 

regular II-goo A 1A 2 ···A .. inscribed in 0 0. Then a 6 = 10 > 9. 

a 7 < 10 x 271r < 10 X 2 X;' 15 < 9, 

(1) Let A \A 2 .. · A 6 be a regular 6-goo inscribed in 0 0. 

then A iA i+l = a 6 > 9. So we can choose a point Bi in XA"::1 

suchthatB;A i-t1 > 9. Then L B iOA i+1 > 271r
(A 7 = A l), and 

L A ,OB i = L A iOA i-tl - L B ,OA i+1 < 2
6

1'C - 271[ < 2
7
1[. 

It follows that A iB; < 9 (i = 1, 2, ''', 6). 

In each of AJ31' .A:lJ2. JG'B3' choose 11 points . and in - --each of A~B4' AsBs . A 6 B6 , choose 10 points. We obtain a set 

M which has 63 points on the circle C . It is easy to see for M 

the value of S is So. where 

5, ~ (~ )x tt ' + (~ ) ' ( ~) X 11 ' x tO 

+ (~). ( ~)x 11 X to' + (~ ) x to' 

= 23 121. 

So the maximum value or S is not less than S o. 

(2) We prove that the maximum is So. We need three 
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lemmas. 

Lemma 1 For P on circle C, we cali the arc APB"an arc 

oj P", iJ P is the midpoi1lt oj arc MH, and LADB = ;'1t. 

Now Jar every given n points on circle C, there is a point P , 

h h h [ n + 5 J . f h· . h suc t at t ere are - 6- POUllS ole gl'uen n poultS on t e 

"arc oj P". 

Proof: Let A be one of the given rI 

points, and an "arc of A" be A~A~t, . 
Now suppose A 2 , A 3 , •• • , As are on the 

arc D6( not including A), andA 1A 2 = 

A2A J = .. . = A sA 6 (see the figure). So 

L A ;OA;+1 = 27'1t, i = 1,2, . .. , 5. 

f\, 

A, 

H A, 

-If there is a point P ; (of the given rI points ) on A;A;+I ' 

then all the poi nts (of the given rI points) on XA:;.1 are on "an 

arc of P i ". So the given 7l points are on 6 "arcs of P i " 

( including "arc of A"). ThisShowsthatthereare[TI ~ l J+ l = 

[II t 5] points of the given points on an "arc of P", where P is 

one of the given n points . -Lemma 2 Take the arc A 1BA 6 arbitrary orl the circle C 

with radius 10, w here A-;BA6 is ~ oj the perimeter. Then take 

any 5m + r points orl lhe arc A-;BA6 (m, rare nOIl-negative 

integers and 0 ,,:;,; r < 5) . Prove that number oj lines J rom the 

given poims w hose Lerlgths are more than 9 is at most 

10m 2 + 4rm + ~r(r-1). 
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-Proof : Divide A I BA6 in five equal parts . where the corresponding 

points are A z , A" A 4 , As (see the figure), then the length of 

.AA:l is exactly j of the perimeter ( i = 1, 2, 3 . 4 , 5), and the 

distance of any two points is not more than a 7 < 9, Suppose there -are m ; given points on the a rc A ;A i+1 , then the number of lines 

from the given points whose lengths a re more than 9 is a t most 

l (j) 

where 

m l +m2 + ... + m s = 5m + r. 

Since there are finitely many non-negative integer groups ( m 1 • 

m 2' m 3' m 4' ms), the maximum value of L exists. Now we 

prove that when the max imum is atta ined the inequality 

must hold. 

In fact, j f there exist t, j (1 :0::;,;:; i < j ~ 5) such that 

I m j - m i l ~2 when the maximum is attained . we can suppose 

m ! - m 2 ~ 2. Then let 

m ; = m l - 1. m~= m 2 + 1. In' = m. 

and the corresponding integer is I ' , we will have 

= m l - m 2 - 1 ~ 1. 

Contradiction ! 
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Therefore. when l reaches the maximum value . the number of 

m + 1 is r and the number of m is 5 - r . Thus. the number of 

lines from the given points whose lengths are more than 9 are at 

most 

Lemma 3 T ake arbitrary n points on the circle C with 

radius 10 to form set M. where 71 = 6m + r (m. rare n 07l-

71egative integers, 0 ~ r < 6). A ssume that there are Sn 

tria llgles whose vertices are from M mId each side is longer than 

9. Prove 

Proof: We shall prove by mathematical induction. 

When" = I, 2, Sn = o. It is true . 

Suppose whcn n = k • it is true and set k = 6m + r (m, r arc 

non-negative integers. 0 S;;; r < 6 ). Then 

From Lemma 1. when n = k + I. the k + 1 given points must 

include the point P. where at least [k + ~ + 5 ] = m + 1 given 

points are in the ~ arc K~6 . And the distances of such points 

to P are ~ PA 1 = PA 6 = a 7 < 9. Hence. therc arc at most 

(k + 1) - (m + 1) = 5m + r given points whose distances to P 

arc marc than 9 . and such points arc all in the other 



74 MathematicaIOI}'mpiad in China 

~ arc A7A6 wi thout P . From Lemma 2, the lines from such 

points whose lengths are more than 9 are a t most 

( From Lemma 2. when r = 5, it is IDCm + 1)2 , which is also 

truc. ) Thus, the number of triangles whose vertex is P and 

each side is larger than 9 is not more than 

Without p , there a rc k = 6m + r given points. Let the re be S. 

triangles whose vertices are from the k points and each side is 

larger than 9, then using mathematical induct ion . we get 

Furthermore 

1 
~ 20m 3 + l Orm 2 + 2r( r - lhn + ""6 r (r - l)(r - 2) 

+ 10m 2 + 4rm + ~ r er - 1) 

= 20m 3 + 10(r + l)m 2 + 2r ( r + t)m 

1 
+ "6 r ( r - 1){r + 1), 

which means the case n = k + 1 = 6m + ( r + 1) is also true . 

On the other hand , when r = S. then m = k + 1 = 6(m + 1) and 

S.I-H can be simplified to S H I = 20(m + 1)3, which is also truc. 

Therefore. we have proved Lemma 3 . 

Now considerin g the original problem , we have 
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11 = 63 = 6 X 10 +3. It follows from Lemma 3. 

S ~ 20Xl(r + l0XI02 + 2 X3X2Xl0 + ~ X3 X 2 X ! 

= 23 121. 

Thus, S """ = 23 121. 

Second Day 
0800 - 1230 April 1 ,2007 

o Find all functions f: Q+.- Q+ such tha t 

75 

f(xy) 
f(x) + f(y) + 2xyf(xy) ~ f(x + y)' <D 

Where Q+ = {q I q is a positive rational number}. 

Solution (1) Prove that f(1) = 1. 

Put y = 1 in 0) . and writef(n = a . Then 

Thus 

Hence 

fIx) 
f(x) + a + 2xfex) = f(x + 1). 

fI x + 1) ~ (1 + 2x)f(x ) + a' 

f(2) ~ :a ~ ! ' 
1 
4 1 

f(3) ~-5- ~ 5 + 4a' 
- + a 
4 

1 
f(4) = 7 + Sa + 4a 2 • 
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On the other hand , we put x = y = 2 in CD, then 

f(4) 
2f(2) + 8f(4) ~ f(4) ~ I. 

By (2) . we have 

-.L + 8 ~ 1. 
2 7 + 5a + 4a 2 

Solving the equation, we have a = 1, i. c. f(1) = 1. 

(2) Prove that 

fCx) 
f(x + n) = (,,2 + 2nx)J(x) + 1' 11 = 1,2, ... . Q) 

Firstly, accordi ng to @ we know that @ is true for 11 = 1. 

Now suppose CD is true for n = k. Then 

fex + k) 
fCx + k + 1) ~C1 + 2ex + k»fex + k) + 1 

~ (Ck' +~~}ex)+ , )/(~~,+;~~;i~{~~ + 1) 

fex) 
«k + 1)' + 2ek + 1)x)fex) + ,' 

Hence the result follows by induction . 

From @ we have 

fCn + 1) 

(3) Prove that 

1 
~ - , - 2 • 11 

( -;;- ) 
= 1,2, 
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In fact, by letting x = .1 in @ . we have 
n 

and by setting y = .1 in CD . we have 
x 

f(x ) + f(;') + 2 ~ II_ 
f(x + x) 

So 

( 
1 ) 1 1 Jen) + j - + 2 = 1 = n 2 + 2 + --

I
- _ 

n f(n+-;) f(-;) 

Consequently. J( n ) = ~ impliesJ(-"-) = n 2
• 

n n 

77 

(4) Prove that if q = .!!.. gcd(m. n) = 1, m, n E N", then 
m 

1 
f(q) ~ , 

q 

Form . n E N", gcd (m. n) = 1 , put x = n, y =.1 in CD . 
m 

we have 

f( -"- )+ f (n) +2n f(!C) ~ f({;;) 
111 m 111 f(n + l~) 

Put x = .1 in CD . we get 
m 

, + 2n + l -n - -
m m 2 
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So 

1- + m2 +211/("-) ~ (11 +-.l) 'J("-)" 
1/ 2 m m 111 711 

Now we have 

....!.... +m2 

!(q ) = 1(; ) ~ ~",-'-~
n, + _I_ 

m ' 

(7, )' 
q ' " 

Finally, it is easy to verify that f(x) 

condition. So f(x) 1 " h = 2 I S t e answer. 
x 

1 " f" = 2 sat IS les 
x 

• Let X t , " ' , .r~ (n ~ 2) be real numbers such that 

A ~ I i;x; I '" 0 .-, 
and 

B = max I Xi - Xj 1=1:- 0. 
l<';;:,<.i<~ 

the 

Prove that for every 11 vectors a \ • .. . • a" on the plane. 

there existsa permutation (k 1 , k2 , "' ,k.) of(1.2, ·· · .n) 

such that 

AB 
~ 2A + B max I a i I. I"';;,.;;;;. 

Proof Let I a ~ [ = max I a i I. It is sufficient to p rove that 
10000 i< . 

where S. is the set of all permutations of (1 , 2 , n). 

Without loss of general ity, assume 
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I Xn-XI I= max I x -- x ; I= B, 
l ';;;i<.i¥ I 

For the two vectors 

we have 

I · I max L: x~ . a i 
(.1 ····· t.)ES. i _ I ' 

;> m.x{ 1 p, I, 1 p, I} 

1 ;> 2<1 p, 1+1 p, IJ 

1 ;>2 IP, - P, 1 

~ -'- I 2 x la. + x na 1 - x 1a l - X na . 

1 = 2 1 X l -Xn 1· 1 a l - a . 1 

1 = 2B 1 a . - a l I. 

79 

Now suppose 1 a" - a I I = X 1 a .\ I. Using the Triangle 

Inequality, we obtain 0 ~ X ~ 2. So <D becomes 

On the other hand , consider the vectors 

'1" = X na1 + x 1a 2 + ... + x . _2a " _ I + x._la". 

Then we have 
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~ max I Yo' I 
1 ..... ",-

1 ;,, -( 1 y, 1+ "' +1 y. I) 
n 

~ A Ina . - L;(a . - a; )1 
11 j"(t* 

;" A (n 1 a. 1- L; 1 a. - a; I) 
11 j#* 

~ A(n l a * I - (n - \) la ~ - a l I) 
n 

= A (71 I a * 1- en - Ox I a * I) 
" 

From @ and @ . it fo llows tha t 

I " I max L:X •. Q i 
u, . ··· ,.I. )ES. i_ I ' ( Bx ( ,, - 1 ) )1 ~ max 2 ' A 1 - - ,,- x a. 

Ex • A • 11 - 1 + A (1 _ 11 - tx) . B 
>- 2 n n 2 1 1 
~ 1 B a. 

A . -" - +-
n 2 

AB 
----""'---~2A. 1 a. 1 

2A +B - -
n 

", AB 11 ~ 2A + Ba* . 

o Let 11 be a positive integer, setA c{ t, 2, "' , n } , and for 

everya, b E A, km Ca, b) ~ 71 . Prove that 

1 A 1 <;; 1. 9Jn + 5. 
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Proof For a E(.J;, ffn ] , lcm(a,a + 1) = a(a + 1»1I , so 

I A n (IN, ffnJ I ,;;; ~ (,/2 - I) IN + I. 

For a E (ffn, ~] , we have 

Icm(a, a +1) =a (a + 1) > 11, 

Icm(a + 1, a + 2) = (a + l)(a + 2) > 11, 

1 Icm(a, a + 2) ;;:: 2a (a + 2) > 11. 

So 

I A n (ffn, ,l3;J I,;;; j (,[3 - ,/2) IN + I. 

Similarly 

I A n (,13;, 2INJ I ,;;; ~ (,[4 - ,(3) , IN + I. 

Hcncc 

I A n [I , 2IN J I ,;;; IN + ~ (,/2 - t) IN + j (,[3 - ,/2) IN 

+ ~ (,[4 - ,(3) IN + 3 

~ (I +1 +-;'Drn +3, 

Lct k E N", suppose a, bE (k : 1' ;)' a > b, and 

Icm(a, b) = as = bt , wheres , t E N*. Then 

a b 
--, ~ --t 
(a,b) (a.b) · 

Since gcd (a ~ b)' (a ~ b») = 1, so (a ~ b) I s. It fo llows 

that 
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I () ab ab 
cma,b = as ~ (a.b) ~ a-b 

(k '+'I) ' 
= b + ~ > _" _ + .c"'-'-"'C

a - b k+l .!!.... __ ,, _ 
k k + 1 

= n. 

Therefore. I A n (k ~ l ' ; ] I ::;;; 1. 

Suppose T E N* such that T ~ 1 ,,:;; 2m < ; . Then 

~ T < ~ Jn. 

By the above arguments, we a rrive at 

I A I~ (; + !J2 + 1~,f3Y;;- + 3 < 1.9';; + 5. 

First Day 
0800 - 1230 Mar 31 .2008 

o In triangle ABC, we have AB > AC. The incirc1e w 

touches Be at E. and AE intersects w at D. Choose a 

point F o n AE (F is diffe re nt fro m E). such that CE = 

CF. Let G be the intersect ion point of CF and BD. 

Prove that CF = FG. 
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Proof Referring to the 

figure. draw a line from 

D. tangent to w. and the 

A 

---line intersects AB. AC, F ~~ 

83 

BC at points M. N. K BL----'''-I£!L'':c~· ~~~~--~--::""-~K 

respectively. 

Since 

L:KOE ~ L:AEK ~ L:EFC, 

we know MK II CG. 
By Newlon 's theorem. the lines BN. CM. DE are 

concurrent. 

By Cern's theorem, we have 

(j) 

From Menelaus ' theorem. 

BK CN AM 
KC ' NA ' MB ~ 1. 

CD -:-@ . we have 

BE ' KC ~ EC ' BK , 

thus 

BC , KE ~ 2EB , CK. 

Using Menelaus ' theorem and CD, wc gct 

1 ~ CB . ED • FG ~ CB • EK • FG ~ 2FG 
BE OF GC BE CK GC GC . 

SoCF ~ GF . 

• The sequence { x~ } is defined by X1 = 2, X2 = 12 . X..-+2 = 
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6X~+1 - X R • 11 = 1. 2, .... Let p be an odd prime number . 

and q be a prime num ber such that q I Xp . Prove that if 

q # 2 , then q ";3 2p - 1. 

Proof It is easy to see 

x, ~ ~((3 + 2.fi)' - (3 -2.fi)'), " ~ 1,2 , . .. . 
2,2 

Let a R , bR be positive integers and a. + b. J2 = (3 + 2../2)" . 

Then 

", - b,.fi ~ (3 - 2.fi)' , 

sox" = 6., a; - 2b~ = I, 11 = 1, 2 • ... . 

Suppose q #; 2. Since q I X p ' thus q I b" so there exists a 

te rm in {6ft } which is di visible by q . Let d be the least num ber 

such that q I bd • We have the following lemma . 

Lemma For any positive integer 1/ , q I 6. if and onLy if 

d I 71. 

Proof : For a . b, c, d E Z. denote a + b../2 = c + d}2Cmodq) 

asa == c (modq) and b == d (modq ) . 

If d I n. writcn = du, then 

a R + 6 .. ../2 = (3+2.fi)d~ - aj(modq), 

sob" == 0 (modq), 

On the a ther hand . if q I b", write" = du + r, 0 ~ r < d . 

Suppose r ~ 1 • fro m 

we have 

a, ~ (3 + 2.fi)' ~ (3 + 2.fi)'· . (3 + 2.fi)' 

== aj(a , + br .J2) (mod q ), 
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But a3 - 2b3 = 1, and q I bd ; soq ta3. Sinceq is a prime , 

therefore q t a d ' and (q , ad) = 1, From <D we have q I b" it 

contradicts the definition of d. So r = 0, and the lemma is 

proven. 

Now, as q isa prime, $oq I C) , i = 1, 2 , " ' , q - 1. 
; 

Using the Fermat 's little theorem , we have 

'" Asq #- 2, 502 I = ± 1 (mod q) , we get 

(3 H/2)' ~ ~ () • 3~; (2./2); 
;_ 0 ; 

== 3q + (2.fi) Q 

= 3Q + 2q 
• 2i:f- .fi 

~ 3 ± 2./2(modq). 

By the same argument , we have 

So 

Thus, 

{
3aq2_1 + 4bl_1 

2a q
2_ 1 + 3bl - 1 

We know that q I bq
2_ 1 • 

== 3(mod q ). 

= 2(mod q) . 

Sinceq I bp , from the lemma , we haved I p. Sod E {t, 

p }, and if d = 1, then q I b l = 2 , contradiction ! So d = p . 

hence q I bl - 1 • So p I q2 - 1 , thus p I q - 1 or p I q + 1 . Since 

q - 1 and q + 1 are even , so q ~ 2p - 1. 
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.. Every positive integer is colored by blue or red . Prove 

that there is a sequence { a~ } which has infinite terms. 

and a 1 < a2 < ... are positive integers . such that a 1' 

... is a positive integer 

sequence with the same color. 

Proof We need three lemmas. Firstl y. define N' as the set of 

all the positive integers . 

Lemma 1 I f there is an arithmetic progression having 

infin ite positive integer terms with the same color. then the 

conclusion holds. 

Proof: Let C 1 < C2 < ... < c. < ... be a red arit hm etic 

progressio n of positive integers. we can set a i = C 2i- 1 (i = 

1 . 2, 3 • ... ) to obtain a sequence such that the condition 

holds. 

Lemma 2 IJ fo r any i E N " • there exists a positive 

integer j , such that i. 

conclusion holds. 

i + j 
2 

j are of the same color. then the 

Proof: Let a 1 = 1 • and a 1 be red . Since there exists kE N' such 

that a 1' at; k • k have the same color. so we can set a2 = k. 

In the same way. we can have a sequence of red numbers 

satisfying 

< .... 

Lemma 3 I f there is 710 arithmetic progression satisfying 

the condition oj Lemma 1. and there exists io E N ° , such that 

foreveryj E N', io . 
io + j. . 
--2- ' } have dIfferent colors. then the 
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conclusion holds . 

Proof: We can suppose io = 1, otherwise using N' = {nio I n E N* } 

in place of N' , will yie ld the same result. 

Let i o = 1 be a red num ber. Then we have the following 

condition: For every k E N* • k ~ 2, k and 2k - 1 can not be 

both red . 

Since the re is no arithmetic progression having infinite 

terms with the same color, therefore the re are infinite te rms of 

blue colored num bers of different parities in N*. We prove 

there is an infinite sequence of odd numbers of blue color 

in N·. 

Let a 1 be a blue odd number, and suppose odd num bers 

a l < al < ... < a" satisfy that 

< ... < a ......-I < a..-I + a .. < 
2 a. 

are all blue. Now we prove there exists an odd number a .. +1 E N' • 

a + a +I such tha t .. 2 " and a .r+1 are blue. 

(1) If for eve ry i E N·. the numbers a .. + i. a" + 2i 

have different colors . and th ere is no a .. +! satisfying ®, then 

for a"+l > a .. . numbers a" ~ a"+! and a"+! cannot be both 

blue. 

Since there is no arithmetic progression with infinite terms 

of the same color . the re must exist infinitely many red and blue 

numbers in N". Let i E N* such that a .. + i is red . then a .. + 2i 

is blue . Writea " = 2k + 1. we know 2k + 1 is blue. 2k + i + 1 is 

red , 2k + 2i + 1 is blue. Using CD, we know that 4k + 2i + 1 (= 

2(2k + i + 1) - 1) is blue. Similarly from CD . 3k + i + 
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1 ( = e2k + 1) + ~4k + 2£ + 1») is rcd. From CD we get 6k + 

2£ + 1( = 20k +i + I) - I) to be blue . and so on. Consequentl y. 

we have an arithmetic progression {271k + 2i + 1}1:1 of blue 

num bers. contradiction ! Hence there must be a number a ~1 

satisfying (2). 

(2) Suppose there is i E N' • such that Q" + i a nd a ~ + 2i 

have the same color. Let a " = 2k + 1. 

Firstly, if a" + i and a" + 2£ arc blue . then Q "+l = a" + 2£ , 

satisfying (2) . 

Secondly. if a" + i and Q " + 2i are red, then from CD we have 

4k + 2i + 1 (= 2(2k + i + 1) - 1) and 4k + 4£ + 1 (= 2(2k + 2i + 

1) -0 reing blue. So if 3k + 2i + 1 (= (2k + 1) +~4k + 4£ + 0) 

are blue. then a,,+! = 4k + 4i + 1, hence satisfying @. 

o therwise. the number 6k + 4£ + 1 ( = 20k + 2i + 1) - 1) is 

blue. then Q .,..+1 = 6k + 4i + 1. satisfying @' Hence proving 

Lemma 3 . 

Therefore combining Lemmas 1, 2 and 3, we are done. 

Second Day 
0800-1230 April. 2008 

o Letn E N'. 1/ ~ 4, and G" = {I, 2, "' , n } Prove that 

there is a permutation P I ' P 2 , "', P2"-..-I' where Pi c 

G" , 1 P i 1 ~ 2, i = 1, 2, "', 2" - n - I , such that 

1 P i nPi+1 1= 2. i = 1.2 •.. . • 2" -n-2. CD 

Proof Our proof will require the fo llowing lemma. 

Lemma For 71 E N' • n ~ 3, there is a pennutatio71 Q l ' 
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0 2' "' ,02'"-1' w here 0 ; ~ Gn' 10 ; 1 ~ 1, 1 S;; i S;; 2" - 1, such 

that 

0 1 ={ t}, 10 , no;+\ 1= 1,1 S;; i S;; 2" - 2, 0 2'"- 1 = G • . 

Firstly, for 'I = 3. the permutation 

{1} , {1, 2}, {2}, {2, 3}, {1, 3}, {3 }, {1, 2, 3} 

satisfies the given condition. 

Secondly , suppose the lemma is true for n. Let 0 1' 

0 20 "' , 0 2"-1 satisfy the conditions in the lemma. Then 

construct the following sequence; 

0 1 , 0 2" -1 • 0 2"-2 , 0 2'-2 U { 'I + 1 }, 0 2" -3' Q2" -~ U {n + 1} , 

0 2'--5' "' , 0 3. 0 2 U { n +1} , {II + 1} , 0 1 U { n +1} , 020 

0 3 U {n + 1}, Q., ··· ,02"-2' Q2"-1 U { 'I + 1}. 

It is easy to check that @ satisfies the lemma for" + 1. 

Back to the problem. we prove that for 11 E N' , n ~ 4. 

there is a permutation satisfying CD and P 2"-..-1 = {I. n }. 

When n = 4, the permutation 

{1, 3}, {1, 2, 3} , {2, 3} , {1, 2, 3, 4}, {1, 2}, {1, 2, 

4 }, {2, 4 }, {2, 3. 4}. {3. 4}. { t. 3, 4}, {I, 4} 

also satisfies the given condition . 

Now suppose the permutation P I ' P2 • ... . P1"-..-1 satisfies 

(D , and P 2"-.. - 1 = {I. 1I } . Usi ng the lemma, let the permutation 

0 1, 0 2' .... Q1"-1 satisfies @ . Then for n + 1. the following 

permutation 

Q, U {n + 1} 

satisfies CD and P 2"H _(.+!l-t = Ql U {n + I } = {I, n + 1}. 

So there is a suitable permutation for n ~ 4. 
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o Let m . 11 E N' . m , n > 1, a,jC i = 1, 2, .. . , /I, j = 1, 

2, "', m) be non-negative real numbers ( not all zero ). 

Find the maximum and minimum values of 

f 

Solution The maximum value of f is 1. 

Firstly , we prove that f :;;:;;; 1. It suffices to show that 

0 ' 

0' 

Sof :;;:;;; 1. and when all of a'j are equa l to 1. f = 1. 

The minimum value of J is +1n ·+t n }' mn mm m . 

To prove f ~ + m .+( } . without loss of generality. 
mn mm m. n 

we assume n :;;:;;; m. Henee it is sufficient to prove that 

Let 

s 

f >- m + n 
"'"' mn + n " CD 
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- mn 

. . 
where r , = L: a ii ' t ~ i ~ n . Ci = L: a 'i ' i ~ j ~ m . 

Now CD ~S ~ O. Consider Lagrange's equation. 

. . 
( ~a1) ( ~ b1) - ~ (a ,b, - a,b, )' . 

Put a , = r ; . b , 1, I ~ i ~ n .Thcn 

• . 
- ( ~ =- " L: d + 

and 

. 
L: a fj + L: Cr. - r l)2 
i - I IQ<I" w 

+ L: Cr. _ r l )2. 
I ,,*<I"~ 

SinCea ij ~ O , r, ~ a ij ' Cj ~ a ij' so S ~ O. 

When a ll = a n = ... = a"" = t and the other a ,i = 0 , the 

. . Iff' m + n minimum va uc 0 IS + . 
mn 7l 

With the above arguments. we conclude that the maximum 

value of f is t and the minimum value of f is + m ·+t n )' 
mn mm m. 
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• Find the maximum positive number M such tha t for every 

n E N ' • there a re positive numbers ai' a 2' " ', a ~ and b 1 , 

b2 , "' , b. sa tisfying 

• 
(a) L:b~ = 1. 2b. ~ bl<- I + bO+ I • k = 2.3 ..... n - 1 • .. , 

• 
(b)a ~ "'::;:; l + L:a ;b; , k = 1. 2 • .. ·.11, 

(c) a . = M. 

Solution Firstl y. we prove tha t 

• 

2 
<--1" n -

Let L = maxa • . 
l o;)O;;;w 

From (b) and L: b. = 1, we get L 2 ~1 + L, .. , 
soL < 2. 

Let b", = max b • . Then by using 2b. ~ bH + bH 1 • it is easy ",.'" 
to see tha t 

b. ~ 
{

( k - 1)b. + (m - k l b , 1 "' k '" 
m 1 , ...,. "", m, 

(k - m )b w + (n - k )b m --- k -
• m ""'" ""'" 11 . n m 

Since b l > 0 and b. > 0, so 

It follows that 

b. >{! ~ \b., 
n -k 
--b", .m 
n - m 

• • • 
~ L;b. ~ L;b. + L; b • .. , 

~ k ~ 71 . 
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= mb + 11 - m - lb 2 • 2 • 
11 - 1 
~-2-b • . 

So b", <~I ' that is max b! < ~I · 
n - lQ";" 'I -

• 

9, 

Now let f o = 1, J! = 1 + ~ a ib ;t k = 1, 2, ... , n. Then 

f . - h -l = a!b! , and from (b) we have al -s:;,; f . , i. e. 

a! -s:;,; .;-r; , k = 1, 2. "' , n . 

and 

Since max a! < 2 , so 
U;;.I';~ 

f . - f .- l < 2b • . 

Thus, for 1 -s:;,; k -s:;,; n , 

.JT. - .; f H < b • • ---,c=,.JT.-,f-'.. == 
.JT. +.; f .-. 

<b (-"- +b. ) • 2 4 

( 
I 1 

< 2 + 2(11 

Hence . summing from k = 1 to 11, 

• 1 1 
a . -s:;,; n: < /To + ~ (2 + 2(n 1»)b! 

3 1 
=2+ 2(n 1) ' 
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Let n _ + 00 , we obta in a~ 

k I When a * = 1 + -2 • b* = ~, k = 1. 2 •...• n, we have 
" n 

k ' al ~ (I +-) 
2" 

. . 
~ 1 + L; ..1( 1 +-2' ). Hence tbe maximum 

i _ I 71 n 

I 
. 3 

va ue ls 2 · 
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First Day 
1500 - 1900 August 8 , 2006 

o A function f : (0, + 00 ) - R satisfies the followi ng 

conditions: 

(a) f(a) = 1 fo r a positive real number a, 

(b) J(x)J(y) + J(; )J( ~ ) ~ 2J(xy) , 

for any positive real number x . y. Prove that fex) is 

constant. 

Proof Setting x = y = 1 in CD gives 

so J(I) ~ 1. 

J'(1) + J'(a) ~ 2J(1), 

(J(l) - I)' ~ 0, 

Setting y = 1 in CD yields 

J(x)J(1) + J(~ )J(a) ~ 2J(x), 

fex) = f(;), x > 0. 

Setting y =!£ in CD yields 
x 

J(x)J(~) + J(; )J(x) ~ 2J(a) , 

J(x)J(~ ) ~ 1. 

Combining @ and ® gives f 2 ex ) = 1 , x > D, 

Setting x = y = It in CD gives 

J'(./t) + J'(;') ~ 2J(/) , 
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jet) > o. 

So f (x) = 1. x > 0, as desired . 

• Let ABCD be a convex quadrilateral. Let 0 be the 

intersection of AC and BD. Let 0 and M be the 

intersections of the circumcircle of 60AD with the 

circumcircle of 6 0BC. Let T and S be the intersections 

of OM wi th the ci rcumcircle of 6 0AB and 6 0CD 

respectively. Prove that M is the midpoint of TS. 

Proal Since L BTO ~ L BAO and L BCO ~ L BMO, L BTM 

and 6BAC arc similar. Hence . 

Similarly . 

TM BM 
AC ~ BC" 

L CMS '" L CBD. 

Hence, 

MS CM 
BD BC" 

Dividing CD by @ , we have 

TM BM AC 
MS ~ CM ' BD' @ 

Since L MBD = L.MCA and 

LMOB ~ LMAC. LM8D and LMC'1 

are similar. Hence. 

BM BD 
CM ~ AC" s 

Combining @ and ® yields TM = MS. as desired. 

CD 
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.. Prove that for i = 1, 2, 3, there exist infinitely many 

integers n satisfying the following condi tion: we can find 

i integers in {n, n + 2 , n + 28 } that can be expressed as 

the sum of the cubes of three positive integers. 

Proof We first prove a lemma . 

Lemma Let m be the remai7lder of the sum of the cubes of 

three positive integers w hen divided by 9, then m *- 4 or 5. 

Proof: since any integer can be expressed as 3k or 3k ± 1 

(k E Z), but 

O k )3 = 9 X 3k 3 
, 

Ok ± 1)3 = 9 X oe ± 3k 2 + k) ± 1 , 

as desired. 

If i = 1, takc71 = 3(3m - 1)3 - 2(m E Z+), then 4 or 5 is 

the rcmainder of 71 and /I + 28 whcn divided by 9. So, they 

cannot be expressed as the sum of the cubes of three positive 

integers . But 

11 + 2 = Om _ 1)3 + Om _ 1)3 + Om _ 1)3. 

If i = 2, take 71 = O m - 1)3 + 222(m E Z;+), then 5 is the 

remainder of 11 when divided by 9. So, it cannot be expressed as 

the sum of the cubes of three positive integers. But 

11 + 2 = Om _ 1)3 + 23 + 63 , 

71 + 28 = Om - 1)3 + 53 + 53
• 

If i = 3. take n = 216m 3 (m E Z+). It satisfies the 

conditions: 

11 = (3m)3 + (4m)3 + (5m)3 , 

11 + 2 = (6m) 3 + 13 + 13 , 

11 + 28 = (6m )J + 13 +Y. 
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This completes the proof. 

... Eight persons join a party. 

(1) If thcre exist three persons who know each other in 

any group of five, prove that we can find that four 

persons know each other. 

(2) If there exist three persons in a group of six who 

know each other in a cyclica l manner, can we find 

four persons who know each other in a cyclica l 

manner? 

Solution ( I ) By means of graph theory , use 8 vertices to 

denote 8 persons. If two persons know each other, we 

connect them with an edge. With the given condition , there 

will be a triangle in every induced subgragh with rive vertices. 

while every triangle in the graph belonging to different 

(8 ~ 3) = (~) = 10 induced subgraghs with five vert ices. We 

know that thereare 3X(:) =3x56 = 168 edges in total in these 

triangles. while every edge is computed ten times repeatedly. 

Th ' "d ' h I 2 x 168 d So us every vertex IS m CI cnt Wit at cast 8 x 10 > 4 e ges. 

there exists one vertex A that are incident with at least rive 

edges. 

Suppose the vertex A is adjacent with five vetices B. C, 

D, E, F. By the condition, there exists one triangle in five 

vertices. Without loss of general ity, let L.BCD denote the 

triangle. So there exists one edge between any two vertices in 

the four vertices A, B, C, D. So the corresponding four 

persons of the four vertices know each other. 
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(2) If there exist th ree persons ( in a group of six) who 

know onc anothe r in a cyclica l manner, there may not exist four 

persons who know each other . 

For example . let 8 vertices denote 8 persons. If two 

persons know each other, we join them wi th an edge. Consider 

the regular octagon, we link up the 8 shortest diagonals. as desired . 

Second Day 
0900 - 1330 August 9 , 2006 

o Let S ~ { (a. b) 1 1 <;; a. b <;; 5. a. b E Z}. Let T be the 

set of integer poi nts in the plane such that for any point P 

in S, there exists a different point Q in T such that PQ 

does not contain integer points except P and Q. Find the 

minimum value of I T I • where I T I denotes the number 

of elements of the fi ni te set T. 

Solution We first prove that I T I =;6 t . 

If I T I = I, let T = {Q (xo. Y o) }. We may take point 

pex" Y l ) in S satisfying the conditions: (1) (X l ' Yl) -=F- ( Xt) , 

Yo), (2) Xl and Xt} have the same parity, Yl and Yo have the 

same parity. Then , the midpoint of FQ is an integer , which is 

a contradiction. 

If I T I = 2. see the following figure sat isfying the 

conditions of the problem: 

o 

o 

• 
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as desired. 

o LctM = { 1, 2, "' , 19} andA = {a" a1 ' ...• a~ } e M. Find 

the minimwn value of k so that there exist a " a j E A such 

that ifb E M, then a i = bor a , ± a j = b. 

Solution By the definition of A. we have k(k + 1) ~ 19 • 

implying k ~ 4. 

If k = 4, we have k(k + 1) = 20. We may assume that 

a , < a2 < a J < a ~. Then, a~ ~ 10. 

(1) Ifa 4 = 10, thcnaJ = 9, and we havc a2 = 80r7. If 

a 2 = 8, then 20,10 - 9 = 1, 9 - 8 = 1, impossible. If a 2 = 7 , 

then a! = 60r 5. Sinee20.10 - 9 = 1,7 - 6 = 10r20,9 - 7 = 

2, 7 - 5 = 2, im possible. 

(2) If a4 = 11, then a J = 8 , and we have a2 = 7 and a , = 6. 

impossible. 

(3) If a4 = 12, then a J = 7, and we have a z = 6 anda , = 5. 

impossible. 

( 4) If a4 = 13, then a ) = 6, a 2 = 5. a ! = 4, impossible. 

(5) If a~ = 14, then a 3 = 5, a 2 = 4. impossible. 

(6) If a4 = 15. then a ) = 4, a z = 3. a , = 2, impossible. 

(7) If a ~ = 16, then a ) = 3, a 2 = 2. a ! = 1, im possible. 

(8) If a 4 ~ 17. impossible. 

Sok ~ 5. Let A = {1, 3, 5. 9, 16}, then A satisfies the 

conditions of the problem. Therefore k """ = 5 . 

.... Letx, > O,and k ~ 1. Prove that 

Proof I Observe that the above inequality is equivalent to 



102 MathematicaIOI}'mpiad in China 

The left-hand side of CD is equal to 

~ O. 

(1 + xj>X, - (1 + x ;h : 
(1 + x j )(l + x;)x'x, 

(x , - xp + XiXj(X'~1 - xtl ) 

(1 + x;)( l +Xi)x~X; 

Proof 11 We may assume that x) ~ Xl > ... ;;:::x ~ > 0. Then, 

we have 

CD 

By the Chebyschev Inequal ity. the left- hand side of original 

inequality is equal to 

( 
1 xt 1 x~ 1 x!) 

= x ~ ' 1 + Xl + x~ . 1 + X 2 + ... + x ! . 1 + x. 

X (X l + X 2 + ... + X n) 

( 
1 1 1 ) (X' X· X· ) ~ ---r +---r + ... +* --'- +--'- + ... +--"-

Xl X2 I" l + xl 1 + x2 t+X. 
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x' x t 
o--'-+ x o--'-+ ··· + x 

1 + Xl 2 1 + X2 n 

x' ) 
• 1 +~n 

- -'-+-'-+ ... +_0- _+_ + ... +_ ( 
XO+l XH-l XH-l ) ( 1 1 1 ) 

- 1 + x \ 1 + X2 1 + x. xt x~ x! 

o Let P be a prime number greater than 3. Prove that there 

exist integers a t , a20 ... , a, that satisfy the following 

conditions: 

(aJ 

p 
-- < a 

2 ' 
< a2 < ··· < a, 

p 
~2 ' 

(bJ 

where m is a positive integer. 

p - a , 

I a, I 
= 3"', 

Proof By the Division Algorithm. there exists unique integers 

q and r such that p = 3q + r, where 0 < r < 3. 

Taking bo = r. then 

P - 60 

I b. I 
3' 0 • bi 

, where3fb i 
I b. I 

and 0 < bi < ~. 

Taking b1 =±bt suchthat b l = pCmod3) , then 

3" • bi 
bi ,where 3f bi and 0 < bi 
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Takingb2 = ± b2* such that b2 = p ( mod 3), then 

3'2 • b j 
bi. • where 3f b; and 0 < bj 

Repeating this process , we get 

Since these p + 1 in tegers arc in the interval ( - ~ , !'.-) a 
2 ' 

certain integer occurs tw ice . Suppose hi = hi ' i < j, and hi' 

b ;+I ' ' '' , b;-1 a re disti nct. So. 

P - b, P - b ;+1 p - b1- 1 , 
I b, I I bi+! I I 6j

_
1 I 

3'; • b;"H 3' ;+' 
~ 

• b:+2 
3 (j-l • b/ 

b; b;"H bi"-1 

Sinceb; = hj • then b; = hI . So the above ex pression equals to 

3,;+t";+t+'+Cj-, - 3' 0 - ,n > . 

Put hi ' b ,+I ' ... • 6 j - 1 in ascending order . as desired . 

2007 

August 13 and 14,2007 

... A positive integer m is called good . if the re is a positive 

integer n such that Tn is the quotient of n ove r the number 

of posit ive integer divisors of n ( including 1 and n itself) . 

Prove that 1, 2 • ... , 17 are good num bers and that 18 is 
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not a good number. 

Proof For positive integer n, let d (n) denote the num ber of 

positive divisors or n (including 1 and n itself). 

Firstly, note that 1 and 2 are good . since 1 2 
d(2) and 

S 
2 ~ d(S)" 

Secondly. we note that if p is an odd prime, then p is 

good. This is bccauscd(8p) = 8. In particular , 3, S. 7. 11, 

13, 17 are good numbers . 

Thirdly. we note that p is an odd prime, then 2p is good. 

This is becaused(22
• 32 p) = 3 · 3 · 2. In particular , 6,10, 14 

are good num bers. 

Fourthly, we note that 

36 96 108 
4 ~ d(36)' S ~ d (96)' 9 ~ d(108) , 

240 360 128 
12 ~ d(240) , 15 ~ d(360) , 16 ~ d(12S) " 

Thus, the numbers 1, 2, 17 are good . 

Finally, we prove that 18 is not good. We approach 

indirectly by assuming that 18 = d(~I) or 11 = 18d(n) for n = 

2" · 31>+1 • pt' · ··p~~ ( where PI < ... < Pm are prime numbers 

greater than 3 and a . b. k l ' . ..• k ... are positive integers); that 

is . 

For every odd prime p and every positive integer k. we can 

show (by an easy induction on k) that 

p~ > k + 1. 



106 MathematicaIOI}'mpiad in China 

Combining the last two relations . we deduce that 

2"-1 • 3b-l < (a + 1) (b + 2) 

or 

2"-1 b + 2 
f(a) = a + 1 < 3b-l = gCb)' 

It is easy to prove that J(t) = ~. f(2) = ~. f(3) = 1. 

1(4) = ~ , 1(5) = 1
6
6 , and fea) ~ 3

7
2 > 4 for a ~ 6. It is a lso 

easy to prove that get) = 3, g(2) = ;, g(3) < ~. and 

gCb) < ~ for b ;:::. 4. Thus CD holds only if b ~ 3. 

If b = 3. then (a, b) = (1 , 3) , and CD becomes 

9Pt" "p!r = lOCk ! +t)(k m + 1), 

implying that PI = 5. 
p~, 5*1 5 

Since (2) and -- ~ -- ;> -2 for 
k l + 1 k l + 1 

positive integer k \ ~ I, we can easily see that there is no 

solution in thi s case. 

If b = 2. then (a, b) 

CD becomes 

(1 , 2), (2, 2), 0 , 2), and 

3 · 2"- 1 pt, "' p!r = 4(a + 1)(k 1 + 1) ··· (k .. + 1). 

We deduce that 4 divides 2"- 1 ora ~ 3. Hence a must be equal to 

3. But then 4Ca + 1) = 16 divides 2"-1 , which is impossible. 

If b = 1, then (a, b) = (1, 1). (2. 1). (3. 1), (4, 1), (5 . 

1), and CD becomes 

which is impossible since Pi are primes greater than 3. 
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In all the cases. we cannot find n satisfying the condition 

18 = d~:I); that is. 18 is not a good num ber. 

Note For primes p ~ 5, both 3p and p 2 are good . Slflce 

d(22 · 3p) = 3 · 2 · 2and d(23 · 3 · p 2) = 4· 2 · 3. 

... Let ABC be an acute triangle. Points D . E and F lie on 

segments BC. CA and AB respectively. and each of the 

three segments AD. BE and CF contains the 

circumcenter of ABC. Prove that if any two of the ratios 

BD CE AF BF AE CD 
DC' EA' FB ' FA' EC ' DB 

are integers, then triangle ABC is isosceles. 

Proof I No te that there are (~) = 15 possible pairs of ratios 

among the six given in the problem sta tement. These pairs are 

of two types: (i) Three of these pairs are reciproca l pairs 

involving segments from just one side of triangle ABC. ( ii) The 

other 12 pairs involve segments from two sides of the triangle. 

We first consider the former case. 

(a) If g~ and gg are both integers. then both of these 

ratios must be 1 and BD = DC. Then in triangle ABC, AD is 

the median from A and D. because AD contains the 

circumcenter. is also the perpendicular bisector of segment BC . 

It then follows that AB = AC and the triangle is isosceles. 

S" "' , "f CE d AE bo h " AF d BF Iml ar y. 1 EA an EC are t lfltegers or FB an FA are 

both integers. then triangle ABC is isosceles . 

(b) Let 0 be the eireumeenter of triangle ABC. and let 
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L eAB = a, L ABC = p. and LBCA = 7. We show that any of 

h . be· . h f sin 2x h d t e ratiOS can wntten In t e Ofm - .- 2- were x an yare 
sin y 

two of r;:, p. r. Since ABC is acute. 0° < 0: . p. r < 900 and 0 

lies in the interio r. Hence LAOB = 2y. L BOC =2a, and 

L COA = 2f3. Applying the sine rule to triangles BOD and COD 

gives 

BD BO 
sin L BOD sin L BOO 

and 

CD co 
sin L COD s in L C[X)" 

Next note that BO = CO and that 

L BDO + L CDO ~ 180' 

~ L BOD+LAOB 

~ L COD + L AOC. 

It follows that 

BD 
sin 2r 

BD 
sin L BOD 

CD CD 
sin LCOD = sin 2f3' 

.. BD _ sin 2r .. CE _ sin 2a AF _ sin 2[3 
glvmg CD - sin2(J ' Similarly. EA - sin2yand FB - sin2a' 

Now assume that one of the twelve type ( ii) pairs of ratios 

consists of two integers. Then there arc positive integers m and 

71 (with m ~ 11 ) such that 

sin 2x = msin 2z and sin 2y = nsin 2z 

or 

sin 2z = msin 2x and sin 2z = nsin 2y 
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(or some choice of x . y. z with {x . y . z} 

Without loss of generality we may assume that 

109 

(a , p, Y )' 

sin 2a = m sin 2y and sin 2(3 = nsin 2y 

0' 

sin2y = msin2a and sin2Y = 1Isin2(3 CD 

for some positive integers m and 11. 

Note that there is a triangle _-:7,c~",::-__ -/7A, 
with angles I8If - 2a. 1St - 2{3. 11,.

and 180 0 
- 2y. (It is easy to 

check that each of these 

angles is in the interva l (0· , 

180· ) and that they sum to 

180· . ) Furthermore. a triangle 

JJ 

with these angles can be constructed by drawing the tangents 

to the circumcircle of ABC at each of A. Band C. Denote 

this tr iangle by AtB tC t where A t is the intersection of t he 

tangents at Band C, B ! is the intersection of the tangents at 

C and A, and C I is the intersection of the tangents a t A and 

B. Applying the sine rule to t riangle A I B I C I and by CD 
we fi nd 

= 5in2r: sin2a : sin2f3. 

that is . 

A IBI ; BIC I ; C tA t = 1; m ; 11 

0' 

A IBt : B IC 1 : CIA 1 = m1l : 71 : m. 

By the triangle inequality. if follows that 1 + m < n (that is. 
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m = n ) Of II + m > nm ( that is, ( n - l)(m - 1) < 1 andm = 1). 

We deduce that e ither sin 2a = s in 2(3 or sin 2y = s in 2a. But then 

" h AF BF CE AE b ( ) " I ABC" 
Cit er FB = FA or EA = EC ' Y case a , tnang e IS 

isosceles. 

Proof n (We maintain the notations used in Proof I.) We 

on ly consider those 12 pairs of ratios of type ( i i). Without loss 

of gene rality we may assume that each of the fo llowing sets 

(BD CO l (AF BF l DC ' DB and FB • FA has an element taking integer values. 

By symmetry. we consider three cases: 

(a) In this case, we assume that ~g = m and BF = 71 for 
FA 

some positive integers m and n. Applying Menelaus 's theorem 

to line ADD and triangle BeF yie lds 

or 

AO _ CB FA _ m + 1 
00 - DC' SF - -,,-

Likewise. applying Menelaus 's theorem to line COF and 

Inangie BAD yields ~ = 11 ;:; 1 

Since triangle ABC is acute. 0 lies on segment AD and CF 

with AO > OD and CO > OF. Heneem + 1 > n and n + 1 > m. 

implyi ng that 7n - 1 < n <m + 1. Since In and n are integers. we 

must have m = 1/. It is then not difficult to sec that A and Care 

symmetric with respect to line BF and triangle ABC is isosceles 

with AB = CB. 
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(b) In this case, we assume that g~ = m and :.; = n 

for some positive integers m and n. Applying Ceva ' theorem 

gives 

0' 
CE m 
EA = -; 

Appl yi ng Menelaus 's thcorem to line BOE and triangle 

ACF yields 

BO EC AF 
- · - · -~ 1 
OE CA FB 

or 

m + n 
mn 

Since triangle ABC is acute, 0 lies on segment BE and 

EO < BO. Hencem +n ~ mn or (m - l)(n - 1) ~ 1. Since m 

and 71 are positive integers. we deduee that one of m and 71 is 

equal to 1; that is, ei ther AF = FB or BD = DC. In either case. 

triangle ABC is isosceles. 

. CD BF 
(c) In this case, we assume that DB = m and FA = fI for 

some positive intege rs m and fl. Applying Ceva '5 theorem 

gives 

AF . BD . CE ~ 1 
FB DC EA 0' 

CE 
EA 

= mfl. 

We can treat th is case as either case (a) (by viewing C In 

place of B) or case ( b) (by viewing A in place of B). 

41» Let n be an integer greater than 3, and let a 1 • a 2' "' , a ~ 

be nonnegative real numbers with a 1 + U2 + ... + an = 2. 
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Determine the minimum value of 

Solution The answer is ~ . 

The given problem is eq ui va lent to finding the minimum 

value of 

7n = 2 - Ct~ 1 + a t~ l +"' +att l ) 

= (a l - at~ 1)+ (a 2 - a t~ 1) + ... + (a n - a t~ 1) 
" , =~+ aZa) + ... +~ 

a ~ + 1 a~ + I a ~ + l' 

Sincea ~ + 1 ~ 2a;. we have 

OUf result fo llows from the fo llowing well-known fact: 

J(al' ... • ow) 

= (a \ + " . + a ")2 - 4 (aIQ2 + a 2a 3 + ... + a .a l) 

;'0 

for integers n ;:: 4 and nonnegative real numbers ai ' il2' "' , a. " 

To prove this fact. we use induction on n. For n = 4. 

CD becomes 

f(al. il 2 ' aJ> Q4) 

= (a l + 0 2 + a3 +a.)2 - 4(a lQ2 +a2 Q 3 +a3U. + a.Q\) 

= (a l + a 2 + a3 +a.)2 - 4(al + a3)(a2 + a.), 

which is nonnegative by the AM-OM inequa lity. 

Assume that CD is true for n = k for some integer k ~ 4. 
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Consider the case wben " = k + 1. By (cycl ic) symmetry in (J). 

we may assume that a HI = min{al ' a2' ... • at+!) . By the 

induction hypothesis. it suffices to show that 

D = fCa p ·· · .a., a HI ) - fCap " ' ,a i-p a , + a HI ) 

~ O. 

Note that 

= a .+-la i+1 + a,aj - a,aA+1 

= a i- laHI +Ca l - a Hl )a , 

~ O, 

completing our proof, 

From the above result, we can get 

1 
~ 8(al + a2 + ... + a.)2 

= -.l X 22 

8 

1 
= 2" ' 

therefore 

that 

" , 1 ~ + a 2a ) + ... + ~:;;: 
ai + l a j + l at+ l """2" ' 

. 3 
Ism ~2' When a l = a2 = l and a J = "' = a n = O, m 

hold . 

So h . . I · 3 t e mInimUm va ue IS 2' 
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., The set S consists of 11 > 2 points in the plane . The set P 

consists of m lines in the p lane such that every line in P is 

an axis of symmetry of S. Prove that m ~ 7l, and 

determine when equal ity holds. 

Proof ( a) Denote the 11 points as A 1 • A z • "', A n. and 

A i = (X ; , Yi) ' (i = 1, 2, ... , 11) in the coordinate system. It is 

obvious that the equality ~ M. = () holds if and only if 

1 " 1 ~ 
B = (-;~Xi ' -;~Y i ) ' which means there exists only one 

• 
point B in the plane such that L:: iiA; = 0, and we call it 

"center of set S". 

If we take any line p in the set P as the x axis of the 

• 
coordinate system, then ~Yi = 0 , that is. 13 belongs to p. 

Thus, every line in P passes through point B. 

(b) Let 

Then. 

F ~{ (x, y , p) I x,y ES,p E P, 

P is symmetric axis of x, y } . 

F, ~ { (x, y , p ) E F I x ;c y } , 

F2 = {ex, y . p) E F I x belongs to p } , 

(j) 

Consideri ng any line p in the set P. and any poin t x in the 

set S. we could get that x has on ly one symmetric point y. with 

p as the symmetry axis. Therefore. there are 11 corresponding 

arrays (x. y. p) for any p. and 
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I F I = nm . 

As to the array (x , y , p ) in F l ' since there is only one 

symmetric axis for the different points x and y , then 

I F , I~ {(x , y ) l x , y E $, x ::;z!:: y} = 2C) = n(7I - 1) . 

As to the array in F 2 . 

When any point in S belongs to no more than one line 

p, then 

I F2 1~{x I x E S } = 11 . 

From <D - @ , we get 

mn ~ ll ( n - 1) + 71. 

that is . m ~ n . 

When there exists one point that belongs to two lines of P . 

then as proved in ( a ) . it must be the cen ter of sct B. 

Considering the set S' = S\ {B } . since every line in P is still the 

symmetric axis of the points in S' , then we get 

m ~I S' I= 7I - 1. 

Thus, we obtain m ~ 71. 

(c ) Whe n m = '1, the equalities CD, @) III ( b ) hold 

simultaneously. So , perpendicular bisector of a line segment 

joining any two points in S be longs to p, and any point in S 

belongs to one line in p, while the • center of set' B is not 

in S. 

Now. we could first prove all theBA ;( i = 1. 2 . "' , 71 ) 

are equal . Otherwise, if there exist j. k (1 ~ j < k ~ n) such 

that BA j ::;z!:: BA ~ , then the symmetric axis of AjA. does not pass 
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through B . which is contradictory to (a). Thus, A I ' A 2 , "' , An 

are allan the circle with B as its cente r , that is. 0 B. We could 

suppose A I . A 2 • 

conven ience. 

A ~ arc arranged clockwise for 

Then . we could also prove that A I . Al • "' , A " are 1'1 

points dividi ng 0B into equal parts . Otherwise . if there exists i 

( i = t. 2, "' , 1'1 ) such that A;A ,+l 'I:: A ;+I A ;+2 (let A ,.-rl = A I ' 

A ,..n = A 2 ) , we couid suppose A;Ai+l 

< A i+1A iH • The n as shown in the 

figure . the symmetric axis l E P, but the 

symmetric point of A,+t is on the arc A "I'---~tB:--"'I'A" l 
~ 

A i +1A t+2 (excluding the point A i+1 • 

A i+2 ) . However, this is in contradict 

with the condition that A ;+! and Ai+2 a re 

adjacent. 

Hence . the points in S arc the vert ices of a regula r n-goo 

(n-sided polygon ) , when m = II. On the other hand, it is 

obvious that the regular /logon has exact ly /l symmetric axes. 

Therefore, the points in S are the vertices and the lines in P 

are the symmetric a xes of the regular /logon if and only if 

m = II. 

o Point D lies inside triangle ABC such that .iDAC = 

.iDCA = 30° and L DBA = 60°. Point E is the midpoint 

of segment BC. Poi nt F lies on segment AC with 

AF = 2FC. Prove that DE ..L EF. 

Proof I Let G and M be the midpoints of segments AF and 

AC respectively. 

In right triangle ADM, .iADM = 60° a nd AM = .J3DM. 
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Note that AM = 3CM. Hence 

DM ~ !lCM and DC ~ 2CM ~ 

AC = CF. By symmetry, DF = 

CF and DFG is an isosceles 

triangle. 

In triangle ALe, AC = DC 

B 
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c 

and LA.L:C = 30g

• Since L ABD = L rx;F = 60g

• ABrx; is 

concyclic. implying that L ABG = L AfXJ = 30°. Note that EF 

and EM are midlines in triangles BGC and BAC respect ivel y. In 

particular, EF II BG and EM II BA, implying that L MEF = 

LABC ~ 3D' . 

Therefore, L MEF = L MDF = 30° and MDEF is concycl ie, 

from which it follows that L DEF = 180° - L DMF = 90°. 

Proof n ( We mainta in the notations of the first proof. ) 

Let N be the midpoint of segment CD . Then EN and ME are 

the respective midlines in triangles BDC and ABC. In 

particular, EN II BD and EM II BA, implying that L..MEN = 

L ABD = 60°. Thus. L MDN = L MEN = 60°, that is , MDEN 

is concyclic. 

It is easy to compute that 

AC ~ !lCD , CF ~ !lCN and 

CD CF . 
CM = CN' Thus . tnangJes CNF and 

8 

CMD arc similar. Consequently, we A 1L __ -~Mf=>lF(!.. c.:...--,,~ C 

deduce that L CNF = L FMD = 900, 

eoneyc1ie . 

that is. MDNF is 

Therefore. MDENF is eoncyelie (wi th DF as its diameter) 

and L DEF = 90°. 

o For nonnegative real num bers a. b. c with a + b +c = 1. 
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prove tha t 

Proof I Without loss of generality. we may assume that b ~ c. 

We set .fij = x + y and .fC = x - y for some nonnega tive real 

numbers x and y. Hence b - c = 4xy and a = 1 - 2x 2 - 2y2 . It 

follows that 

Note that 2x = .fij + .fC , implying that 

4x 2 = c/b +JC )2 ~ 2b + 2c ~ 2 , 

by the AM - OM inequality. T hus. 4x 2 y2 :::.;;: 2y 2 and 

1 - 2x2 - 2y 2 + 4x 2 y2 ~ 1 _ 2Xl . 

Substituting the last inequalit y into CD yields 

J a + (6 4 C)2 +.f1j +JC ~)1 2 X2 +2x 

= ) 1 2x2 +x +x 

,;;,.f3 • 

by the Cauch:rSchwa rz inequa lity. 

CD 

Proof n Let a = u 2 ,b = v 2 , and c = w 2
• The n u, 2 + v 2 + 

w 2 = 1 and the desired inequality becomes 

Note that 
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u ' + ,(~v_' _--;-,w,,--' ),-' 
4 

= t _ (v2 +w2) + (v 2 
_W

I
)2 

4 

4 - 4(v 2 + w 2 ) +(v 2 _ W 2 )2 

4 

4 - 4( v 1 + w 2 ) + (v 2 + W 2 )2 - 4V 2W 2 

4 

(2 - v l _ W1)l - 4 V 2W 2 

4 

119 

(2 -v 2 -w 2 - 2vw)(2 -VI -W2 + 2vw) 
4 

_ [ 2 - (v +w)2J[2 - (v - W)2] 
4 

(Note that (v + W)2 ~ 2( V 2 + W 2 ) ~ 2 ) Substitute the above 

equation into <b> and it gives 

Set v + w 
2 

= x. 

/, - ,( v"--',+2"w",),-' "'3 '" - +v + W ~v .J . 

We ean rewrite the above inequality as 

and we can complete the proof as we did in the first proof. 

Note The second proof revea ls the motivation of the 

substitution used in the first proof . 

.. Let a . b, c be integers each with absolute value less than 

or equal to 10. The cubic polynomial 

j(x) = x 3 + ax 2 + bx + c 

sa tisfies the property 

I j(2 +./3) 1< O. 0001. 
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Determine if 2 +../3 is a root of f . 

Solution We attempt to arrive at a contradiction by assumi ng 

that 2 +/3 is not a root of f. We need to eva luate 

j(2 + ./3) ~ (2 + ./3)' + a(2 +./3)' + b(2 +./3) + , 

= (26 + 7a + 2b + c) + (15 + 4a + b)J3. 

Lct m = 26 + 7a + 2b + c and n = 15 + 4a + b. Then I m 1< 130 

and II ::;;:;:; 65. It fo llows that 

1m - "./3 h 130 + 65./3 < 260. 

Thus, 

1
m' - 3,,' I I j(2 + ./3) I ~ I m + "./3 I ~ '" . 
m - n ,,3 

By our assumption, f(2 +./3) is nonzero. Hence m +11/3 ;i: O. 

Since m and n are integers. and .f5 is irrat ional, 1m2 
- 31/ 2 I ~ 

1. It follo ws that 

which is a contradiction. Hence our assumption was wrong and 

2 +../3 is a root of f . 

o [n a round robin chess tournament each player plays with 

every other player exactly once. The winner of each game 

gets 1 point and the loser gets 0 point. If the game ends in 

a tie , each player gets O. 5 point. Given a positive integer 

In, a tournament is sa id to have property P (m) if the 

fo llowing holds: among every set S of m players, there is 

one player who won all his games agai nst the other m - 1 
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players in 5 and one player who lost all his games against 

the other m - 1 players in S. 

For a given integer m ~ 4, determine the minimum 

va lue of 11 (as a funct ion of rn) such that the following 

holds: in every rI-player round robin chess tournament 

with property P(rn), the final scores of the 11 players are 

all distinct. 

Solution Note that if there are 2m - 4 players, we can 

label them 

a 1 ' a z • •..• a ".-3 ' A _ 2 • B .. - 2 • a ".-I' "' , a :!n<-5 ' 

and assume that player P i beats player P j if and only if i > j , 

and A _2 and B~ are in a tie. It is easy to see that in the group 

of rn players. there exists a unique player P i with the maximum 

index i (rn - 1 ~ i ~ 2m - 5, and this player won all games 

against other players in the group ) . and there exists a unique 

player P i with the minimum index j ( 1 ~ i ~ m. - 3. and this 

player lost all games agai nst other players in the group). Hence 

th is tournament has property P (rn) and not a ll players have 

distinct total points. If 11 < 2m - 4 , we can then build a similar 

tournament by taking players away from both ends index-wise). 

Hence the answer is greater than 2m - 3. It suffices to show the 

fo ll owing claim: 

If there are 2m - 3 players in a tournament with property 

pern), then the players must have dist inct total final score. 

In a group , if a player won (or lose) all games against the 

rest of the players in the group, we call this player the win ner 

(or loser) of t he group. If a player won (or lose ) all his games 

in the tournament . we call this player the complete winner (or 

complete loser). We establish the fo llowing lemmas. 
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Lemma 1 III an n-player (n ~ m) tournament with 

property pern.). there is a complete winner. 

Proof : We implement an induction on 71. If 71 = m, the 

statement is trivial. Now assume that the statement is true for 

some 11 = k (k :;;::: m). we consider a (k + 1) -player tournament 

with property pern ) . Let a i ' ... , a ,H-l denote the players . By 

the induction hypothesis. we may assume thata '_1-1 is the winner 

in the groUpa 2' •.• • a Hl . We consider three cases ; 

(a) If a H-l won the game against a i ' then Q .t-H is the 

complete winner; 

(b) If a .t-H t ied the game against a I' then the group a I • 

a 2 • •• • , a .-I' a H-1 has no winner. violating the condit ion that 

the tournament has property P (m); 

(c) If a kH lose the game against Q l ' then the group 

{a l' a 2' " ', a .t--I ' a k ' a .t+tl \ {a ;} (2 ~ i ~ k) has a winner, 

and this wi nne r can only be a I . Thus at is the complete winner. 

Combi ning the three cases , we find a complete winner In 

the tournament, hence our induction is complete. 

In exactly the same way, we can prove thai 

Lemma 2 In au n- player (n ~ m) tOUrTlameTlt with 

property P (m), there is a complete loser. 

Now we a re ready to prove our claim in a similar manner. 
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4» Let n ( ;::: 2) be a positive intcgcr and a l ' U 2 ' • •• • a.E(O. 1). 

Fi nd the maximum value of the sum 

t !;Ia j (t a i+l ) 
i - I 

wherea "+l = a l . 

Solution By the AM - GM Inequality, we deduce that 

!;laiC} Q iH ) 

.! 6/ 1 1 1 1 
= 2 6'\jQ ; (1 - a j+I ) ' 2 ' 2 ' 2 ' 2 

" 1 ~ 2 1 ' "6 ' Ca i + 1 - a ;H + 2) 

= 21 • ! . Ca i - a i+l + 3) . 

So 

. 
L.: Ya ;(t U i+ l ) 

1 · - · 371 
6 

The equality holds if and only if a l = U l = .. . = u. 1 
2 ' So 
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• Find the smallest positi ve real number k such that for any 

four given distinct real numbers a, b . c and d. each 

grea ter than or equal to k, there exists a permutation p . 

q , rand s of a, b, c and d such that the equation 

(x 2 + px + q)(x 2 + rx + s) = 0 

has four distinct real roots. 

Solution Suppose k < 4. Take a • b, c , dE [ k • .,.14k]. Then 

for any permutation P. q . r . s of a . b, c , d, consider the 

equation x 2 + px + q = 0, its discriminant 

!:::. = p 2 _ 4q < 4k - 4q ~ 4k - 4k = 0. 

Therefore it has no real roots. So k ~ 4. 

Suppose 4 ~ a < b < c < d. Consider the following 

equations: 

x 2 + dx + a = 0. 

x 2 + cx + b = 0. 

Observe that their discriminants 

!:::. = d 2 -4a > 4(d -a) > 0 

and 

!:::. = c2 
- 4b > 4(c - b) > O. 

Then the above two equations have two distinct real roots. 

Suppose Ihese two equations have the same rea l root f3. 
Then we have 

~'+ d~ +a ~ 0, 

f3 2+ Cf3 + b = O. 

Taking their difference yields f3 b - a 
d - , > O. Then 
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p~ +d/3 +a > 0, which leads to a contradiction . So k = 4 . 

... [n 6 PBC , L PBC = 60°. T he tangent at point P to the 

circumcircle w of L,.PBC intersects with line CB at A. 

Points D and E lie on the line segment PA and circle w 

respectively, such that L DBE = 90° and PO = FE. BE 

and PC meet at F. It is given that lines AF, BP and CD 

are concurrent. 

(1) Prove that BF is the bisector of L PBC; 

(2) Find the va lue of tan L PCB. 

Solution ( 1.) When BF bisects L PBC, since L DBE = 900, 

we know that BD is the bisector of L PBA. 

By the angle bisector theorem, we have 

PF CB AD PB BC AB 
FC • BA • DP ~ B C . BA • PB ~ 1. 

By the converse of Gem theorem , the lines AF, BF and 

CD are concurrent. 

Suppose there exists LD'BF' sat isfying the conditions: 

(a ) L D'BF' = 900, ( b) the lines AF', BP and CO' are 

concurrent. We may assume that F' lies on PF, Then, D' is on 

AD. 

So 

Thus 

PF' PF AD' AD 
FiC < FC' PDi < PD' 

PF' CB AD' PB B C AB 
Fie' BA • Dip < BC • BA • PB = 1, 

which leads to a contradiction, This completes the proof. 

(2 ) We may assume that the circle 0 has radius 1, Let 
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L PCB ~ a. By (1), L PBE ~ 

L EBC = 30". Therefore, E is 

the midpoint of PC . 

Since L MPE = L PBE = 

30', L CPE ~ L CBE ~ 30' and 

PO = PE. we obtain L POE = 

L PEO = 15". PE = 2 • 1 . sin 30" and DE = 2eos 15". 

Since 

BE = 2sin L ECE = 2sin(a + 30") 

and L BED = L BEP - 15". we have 

( -15') _ BE _ 2sin(0 + 30") 
cos a - DE - 2eos 15" • 

cos a + eos(a - 3D") = 2sin(a + 3D") • 

cos a + eosaeos30" + sina sin 30" = ./3sin a + eoSa. 

So 

13 1 1 +- + - tana =./3 tana + 1. 
2 2 

tana = 6 +13 
11 
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«» Assume that a is a positive integer and not a perfect 

square. Prove that for any positive integer n. the sum 

s, ~ {,fa ) + {,fa )' + ... + {,fa I' 

is irrational. where {x} = x - [x ] and [x] denotes the 

greatest integer less than or equal to x . 
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Proof Suppose that c 2 < a < (c + 1)2, where c is an integer 

greater than or equal to 1. Then, [raJ = c. 1 ~ a _ c2 ~ 2c. 

and (Fa} ~Fa -[Fa] ~Fa - c. 

Write {raj · = (ra - C)k = XA + y. Fa , where k E N and 

x. , y.E Z. We have 

. 
We now prove that T n = ~ y. '* 0 for all JXlSitive integers n. 

Since 

= Cra - c)(x . +y.Ja) 

= (ay. - ex.) +(x. - cy.)Ja . 

we have 

Since Xl =- c andy ! = I, we have Y2 =- 2c . 

By the above equality , we have 

whereY l = 1, Y2 =- 2c. 

By mathematical induction. we have 

Y2J:-l > O. Y2I < o. 

Combining @ and CD . we have 

Tak ing the product of the above inequalities, we get 

Y~.H2 - Y~.H l > O. Since y~ - y~ > 0, we have 
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1 Y.-, 1 <I Y» I. 

On the other hand , we have 

Y2H I + y~ =- (2c - 1 )y~ + (a - c2 )Y2l--! > 0. 

Multipl ying the above inequalities , we haveY~l - y~ > 0 , 

that is . 1 Y~ 1 < I Y 2Hl I. 
Therefore. 1 Y. 1 <I Y ..... ! 1 for all positive integers 1/. 

Combining CD and @ . we have Y 2l--1 + Y~ < 0, Y~+l + Y~ > ° 
fo r all positive integers 1/. 

Therefore. 

T 2It-! = Y I + (y:z + YJ ) + ... + (Y2It-2 + Y2It-1 ) > 0, 

T o. = (Yl + y,) +(Y3 +Y4) + ... + (Y 2It-l + Y2n) < 0. 

Hence. T . =F- ° for all positive integer 71 . This completes 

the proof. 

Second Day 
0800 - 1200 November 5 . 2CX)6 

o Let S = {n 1 n - 1,1/ , n + 1 all can bc expressed as the sum 

of the squares of two positive integers}. Prove that . if 

n E S. then 1/
2 E S. 

Proof Note that if x and yare integers. then we have 

X 2 + y2 =: 0.1. 2 ( mod 4). 

Let 7l E S. By the above equalit y, weget n _ 1 ( mod 4). Thus, 

we may assume that 

n - 1 = a 2 + b2 , a ~ b, 
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where a. b, c, d, e, f are positive integers. Therefore 

Suppose that b = a and f = e. we have rI - 1 = 2a 2
, 

11 + 1 = 2e 2
• Taking the difference of these two equations 

yicJdse2 - a 2 = I. Then . e - a ;;;::' 1. But 

1 = e1 
- a 2 = (e + a)(e - a) > 1, 

a contradiction! 

So b = a and f = e do nOI happen simultaneously. 

Thereforcae - bJ > 0 , and n 2 ES . 

• AB is a diameter of the circle O. the point C lies on the 

extend line AB produced. A line passing through C 

intersects with the circle a at points D and E. OF is a 

diameter of circumcircle 0 1 of 6,BOD. Join CF and its 

extension , intersects the circle 0 1 at G. Prove that points 

0 . A, E . G are concyclic . 

Proof Because OF is a diameter of the circumcircle of 

6DOB . OF is the bisector of 

LDOB. that's L.lX.E = 2LlXJF. 

Since L DAB = ~ LDOB, we 
A~-,~~~--~~ 

have L DAB = L.D OF. C 

Since L.D GF = L.D OF • 

we obtain L.D GF = L.DAB. 
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Thus, G, A , C, Dare concyclic . Hence, 

LAGe ~ LADC, CD 

L ACC ~ LAGO + L OCF ~ L AGO + ; , @ 

L AOC ~ L AOB + L BOC ~ L BOC + ; . Cll 

Combining CD, ® and CJ) yields 

L AGO ~ L BOC. 

Since B, D, E , A are concyclic. we have 

L BOC ~ L EAO. 

As OA = DE. we obtain 

L EAO ~ L A EO. @ 

Combining@, ® and ® implies L AGO = L AED. 

Therefo re , 0 , A, E, G areconcycl ic . 

.. Let k be a positive integer no less than 3 and () be a real 

number. Prove that . if ooth cos (k - 1)(} and cosk() are 

ra tional numbers, then there exists a positive integer 

11 > k, such that ooth cos(n - 1)() and cos n() are rational 

numbers. 

Proof Fi rst we prove a lemma . 

Lemma Let a be a real1lumber . If COSa is rational, then 

cosma is rational for any positive integer m. 

We prove by induction on m . By cos2a = 2cos~a - 1 , we get 

that ( ". ) is true for 111 = 2. 

We suppose that ( ". ) is true for 111 ~ I (l ~ 2) . 

Since 
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cos(l + 1)a = 2cosia ' casu - cos(l - l)a. 

then we conclude that (*) is true for m = l + 1 and our 

induction is complete. 

By the lemma . setting m. = k, m = k + 1 for a = hOt (k - 1)0, 

it follows that cos k 2 () , cosCk 2 - 1)0 are rational numbers. Since 

k 2 > k. the statement holds. 

o Given a positive integer 11 ~ 2, let B I • B2 , ••• • B~ denote 

n arbitrary subsets of sct X, each of which contains 

exactly two e lements. Find the minimum va lue of I X I 
such that there exists a subset Y of set X satisfying: 

(a) I Y I = 71; 

(b) I y n B ; I ~ 1 for i = 1,2, " ' , n. 

where I A I denotes the num ber of elements of the 

finite sel A. 

Solution We first prove that I X I> 211 - 2. In fact, if 

I X I= 2n - 2. 1e t X = { t. 2, ...• 2u - 2 ) , Bl = {t, 2}, 

B2 = {3, 4}, ... , B "-I = { 2n - 3, 271 - 2}. Since I Y I = 11, there 

exist two c lements in Y that belong to the same B i ' then 

I Y n Hi I> 1, a contradiction. 

Let I X 1= 211 - 1. 

Let B = U B;. then I B I = 211 - 1 - z, where z is the 
i _ I 

num ber of subset X\B. Suppose the elements of X\B are a I ' 

If z ;;:. n - 1 , take Y 

desired. 

aw_I ' d } , and dEB, as 

If z < rI - 1 , suppose the re are t elements that occur once in 

• 
B I , B 2 , "' , B w. Since L; I B i I = 211. then 

i - I 
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t+ 2(2n - l - z - t) ~ 2n, 

it fo llows that t ~ 271 - 2 - 2x. So the elements that occur twice 

or more than twice in B 1 • B2 • " ', B" occur repeatedl y by 

271 - (271 -2 -2x) = 2 + 2x times. 

Consider the elements that occur once in B 1 , B 2 , ''' , B" : 

2 + 2x . 
b 1 , b2 , "', h, . Thus, there are a t most --2- = 1 + x subsets In 

B 1 , B 2 , "', Bn that do not contain the elements b 1 • b2 • ... . b,. 

So, there ex ist 71 - (x + 1) = 1/ - x - I subsets containing at 

least the elements b 1 • b2 , .... b, . 

Suppose t hat B 1 • B 2 , "' , B,,-I-. contain the elements 

b 1 , b2 • ••• • b"-I-. of b 1 , b2 • ... . b, . respectively. Since 

2(71 - 1 - x) + x = 21/ - 2 - z < 271 - 1, 

there must exist an element d that is not in B 1 , B 2 , .... B n-I-> 

but is in B"... • • "'. B" . 

WritcY = { a l • .... a • • b~,~ . "', b..-1- . , d } . as desired . 

The 7th (2007) China Western Ma thematical Olympiad was 

held 8- 13 November, 2007 in Na nn ing, Guangxi. China . and 

was hosted by Guangxi Mathemat ical Society and Nan ning No.2 

high School. 

The competition committee comprised: Xiong Bin . Wu 

Jianping. Chen Yonggao . Li Shenghong . Li Weigu. Wang 

Jianwci , Zhao Ji yuan . Lin Shixiong. Feng Zhigang. Bian 
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Hongping. 

First Day 
0800 - 1200 November 10,2007 

4» let T ={ l. 2. 3. 4, 5, 6, 7. 8}. Find the num ber of a ll 

nonempty subsets A of T such that 31 S (A) and sf S (A). 

where S(A) is the sum of all clements of A. 

Solution Define 5(0) = 0 , Let T o = {3 . 6}, T 1 = 

{1,4,7},Tz ={2,5.8 }. For A c T, LetAq= A n To • 

A , = AnT " A 2 = AnT 2, then 

SCA) ~ SCA. ) + SCA,) + SCA,) 

~ I A, I- I A, I Cmod 3). 

So3 I S(A) ifandonly if I A , I== I A 2 1 ( mod 3). It follows that 

CI A, I. I A, I) ~ (0. 0). (0.3) . 0.0). 

0.3). (1. 1). C2. 2) . 

The number of nonempty subsets A so that 31 S (A) is 

2'(~)(~) + (~)(~) + (~)(~) + (~)(~) 

+ (~)(~)+(~)(~) - 1 ~ 87. 

If 3ISCA) andS ISCA). then IS ISCA). Since SCT) ~ 36. 

so the value SeA) is 15 or 30 (If 3 IS(A) and 5 IS(A». 

Furtherm ore. 

IS ~ 8 + 7 ~ 8 + 6 + 1 ~ 8 + S+2 ~ 8 + 4 + 3 

= 8 + 4 + 2 + 1 = 7 + 6 + 2 = 7 + 5+3 

= 7 + 5 + 2 + 1 = 7 + 4 + 3 + 1 = 6 + 5 + 4 
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~ 6+5+3 + 1 ~ 6+4 + 3 + 2 

= 5 + 4 + 3 + 2 + 1, 

36 - 30 = 6 = 5 + 1 = 4 + 2 = 3 + 2 + 1. 

135 

So the number of A such that 3 IS(A), 5 ISCA ) , and A ::f=.0 is 

17. 

The answer is 87 - 17 = 70 . 

• Let C and D be two intersection points of circle 0 1 and 

circle O2 • A line, passing through D, intersects circle 0 1 

and circle O2 at points A and B respectively. The points 

P and Q are on circle 0 1 and circle O2 respectively. The 

lines PD and AC intersect at M, and the lines QD and BC 

intersect at N . Suppose 0 is the circumcenter of the 

triangle ABC, prove that OD .1 MN if and only if P. Q. 

M and N are concyclic. 

Proof Let the circumcenter of the 

triangle ABC is 0, and the radius of 

the circle 0 is R . Then 

NO'- R' ~ NC · NB. CD 

M02 _ R 2 = MC . MA. ® ,\:"!, "'--------~u 

Since A , C, D and Pare concycl ic, so we have 

MC • MA ~ MD • MP. 

Similarly . since Q. D. C and Bare concyclic . we have 

NC • NB ~ ND • NQ. 

From CD , (2) , Q) , @ , we have 

NO' - MO' ~ ND · NQ - MD · MP 

~ ND(ND + DQ) -MD(MD + DP ) 
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~ ND' - MD' + ND · DQ - M D · DP 

So. 

"" N D · DQ ~ MD · DP 

¢::> p , Q , M, N are concyclic. 

41» Suppose a, b. c are rea l numbers. with Q + b + c = 3. 

Prove that 

Proof 9 
If a < 5 ' then 

In fact , 

Q) ¢::> (3 - a )( Sa 1 - 4a + 1 1) ~ 24 

¢::> 5a 3 - 19a l + 23a - 9 ~ O 

{=:} ( a - t) 2(Sa - 9) ~ O<= a < ~. 

So if a, b. c < ; , then , 
1 1 

Sa 2 4a + I 1 + °5"Cb ',----4"b-+7C1"1 + 05-" ,----4'-,-+-,-,1""'1 

"'-"- (3 - a ) + -"- (3 - b) + -"- (3 - c) 
"""" 24 24 24 

1 
4' 

If one of a. b, c is not less than ~ , say a ~ ~ , then 

CD 
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5a 2 - 4a + l1 = 5a(a - ~)+11 

~ 5 · ; • (; - ~) + 11 = 20. 

Since 

5b2 -4b + 11 ( 2 ) ' 4 4 = 5b- - + 11- ->- 11--> 10 5 5 ::- 5 ' 

1 1 1 1 
we have "S&"',----4"b,-,+-;1"1 < W· Similarly, "S'~';--:4;-'-+C-:l ~1 < 10· So 

Sa' 4a + 11 + 5b2 1 + ,-:;;-+:--c-:;-;-
4b + 11 5c2 4c + 11 

Hence the inequality is holds fo r all a , b. c. 

«» Let 0 be an interior point of the triangle ABC. Prove that 

there exist posit ive integers p, q and r. such that 

- -- - 1 I p · OA +" . OB +, . OC I < 2001' 

Proof It is well-known that there are positive real numbers p. 
r such that 

-- - -- -OA + POB + yOC ~ o. 

So for posi tive integer k, we have 

-- - -- -kOA + kPOB + kyOC ~ o. 

Let m (k) = [ kp] . n (k) = [ ky], where [x ] is the biggest 

integer which is less than or equal to x. and {x } = x - [ x ] . 
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Assume T is an integer larger than max { ~. ~ } . Then the 

sequences {mCkT) I k = 1, 2 • ... } and {n(kT) I k = 1, 2, ... } 

are increasing. and 

I kTOA +m ( kT) i5ii + n(kT) OC I 
1- {kT# } i5ii - {kTy } OC I - -<;; lOB I· {kT#} + loc i · {kTy } - -. <;; 10BI + loc i. 

This shows there exists infinitely many vectors such that 

- - -kTOA + m(kT) OB + n(kT) OC . 

whose endpoint is in a circle 0 of radius I i5B I + I i5C I. So 

there are two of the vectors. such that the distance between the 

endpoints of t he two vectors is less than 20
1
07' this means there 

exists two integers k 1 < k 2 • such that 

- - -(kzTOA + m(k zT)OB + ,, (k zT)OC) 

- (k l TOA + m(k 1 T) DB + n(k 1 T) OC) 
1 

< 2001' 

So , if we let p = (k 2 - k1)T, q = m(k 2 T) - m(k [T), 

r = n (k 2 T) - ,,(k IT), then p. q . r are integers. and 

Second Day 
0800 - 1200 November 11 , 2007 

o Is there a triangle with sides of integral length . such that 
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the length of the shortest side is 2007 and that the largest 

angle is twice the smallest? 

Solution We shall prove that no such a triangle satisfies the 

condition. 

If L ABC satisfies the condition , let L A ~ L B ~ 

L C. then L C = 2 L A. anda = 2007. Draw the bisector of 

L ACB intersets AB at point D. Then L BCD = L A. so 

L CDB C/) 6 ACB, it follows that 

CB BD 
AB ~ BC 

Thus 

BD + CD 
BC + AC 

AB 
BC + AC" 

c 2 = a(a + 6) = 2007(2007 + 6). 

where 2007 ~ b ~ c < 2007 + 6. 

(j) 

Since a • b. c are integers. so 2007 1 c 2
, then 3 • 2231 c 2

• We 

can let c = 669m , from CD , we get 223m 2 = 2007 + b. Thus 

b = 223m 2 - 2007 ~ 2007. som ~ 5. 

But c ~ b. so 669m ~ 223m 2 - 2007. this implies m < 5, 

cont radiction. 

o Find all positive integers n such that there exist non-zero 

integers Xl ' X2 ' "', X~, y, satisfy ing the following 

conditions 

{

X l + ... + X~ = 0. 

xf + ... + x~ = 71y 2 . 

Solution It is easy to see that'l > 1. 

When n = 2k. k E N. let X2i-l = 1. X 2i = - 1, 1 1, 

2, ''' , k, andy = 1, then the condition is satisfied. 

When n = 2k + 3 . k E N. let y = 2, X l = 4. 
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X 2 = ... = Xs = - 1, XZi = 2. XZi+! = - 2, i = 3 , 4 , ... • k +1 . 

then the condition is satisfied. 

then 

Now if 71 = 3 . and there exist X I , X2 ' X3 ' y such that 

{

X I + X2 + X3 = 0, 

x~ + x~ + xj = 3y2 . 

Suppose gcd ( X t , X2) = 1, so Xt , X 2 are odd numbers or one is 

even while the other is odd . Hence xi + xj + XlX2 is an odd 

number. But 2 13y2 . so 3y2 = O( mod 4) . This is a contradiction 

since2(xi + x~ + X tX2 ) ~ 2(mod4 ) . 

The answer is n *" 1, 3. 

.. Let P be an interior point of an acute-angled trian gle 

ABC. The IinesAP . BP , CP meet BC, CA. AB at D, 

E. F respecti vely . Given that 6 DEF (/) M BC. Prove 

that P is the centro id of M EC. 

Proof Ide ntify the points as complex numbers . with the o rigin 

o coinciding with M. Because M is interior to LiABG. there 

are positive rea l numbers a , p. r with aA + pB + rC = 0 and 

a + fJ + y = 1. <D 

Since D is on BC and on line OA ( = MA ) . it follows that 

D = - a A . Similarly, E = ~.B and F = .....=LC. 
t - a t - {:J t - y 

Because 6 ABC is similar to 6 DEF. we have 

D - E 
A - B 

E - F 
~ B - C' 
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Substituting our expressions for D , E and F yields 

rBC + ~ + aAC _ aAB _ f!I.!.f _ rAC ~ 0 CD 
l - y 1- 13 I - a I - a 1- 13 1 - y . 

Taking CD into account . equat ion @ implies that 

and that 

(r ' - {l')B(C - A) + (a ' - r ') A (C - B ) ~ o. 

If y 2 - 13 2 =F O. then the cross-ratio 

(C - A)( C - B) 
(M A)( M B) 

B(C - A) 
A(C B) 

is a real number. But this implies that M is on the circumcircle 

of .6.ABC, contradicting the fact that M is in the interior of the 

triangle. Thus y 2 = 13 2 • and a 2 = y 2 as well. It fo llows that 

a = 13 = y = t . and hence. M is the centroid of MBC. 

o There are II white and 11 black balls placed ra ndomly on 

the ci rcumference of a circle. Sta rting from a certain 

white ball . number a ll white balls in a clockwise direction 

by I. 2, ... • 11. Likewise. number all black ba lls by 

1 • 2 • ... • 11 in an anti-clockwise direction starting from a 

certain black ball . Prove that there exist consecutive 11 

balls whose numbering forms the set { t. 2 • ...• 1I } . 

Proof Choose a black ball and a white ball with the same 

number. and the number of ball s between the two ba lls is 

mi nimum. We can suppose the number of the two ba lls is 1. 

Firstly. we shall prove that the balls between the two ba lls 

have the same color. 
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In fact , if they are of different color, 

then the white ball and the black ball , each 

is numbered by 71, are between the two ball 

(See Fig. 1). This is a contradiction to the 

point that number of balls between the two 

balls (labelled by '1' s) is a mi nimum . 

" 

Secondly, if the balls between the two Fig. t 

ba lls (labelled by' 1 's) are whi te . we have 

two cases. 

Case 1 

are 2, 

white balls 

The number of the white balls 

k. See Fig. 2, then from the 

( labelled by '1' s) in 

anti-clockwise direction we can gel a chain 

2 

of n ba lls whose numbering forms the Fig. 2 

set {I , 2 , "', n } . 

Case 2 T he number of the white balls 

arek , k + 1. "' , 11 (See Fig. 3), then from 

the white ball ( labelled by '1' s) in 

clockwise direction we can have a chain of 11 

balls that satisfies the condition . 

The same argument can prove that the 

k 

claim holds, if the ba lls between the two Fig.3 

" 

" 

balls (labelled by '1 ' s) are black. or there are no ba ll between 

them. 



China Southeastern 
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The fourth (2007) China Southeastern Mathematical Olympiad 

was held from 2S to 30 July. 2007 in Z henhai , Z hej iang. 

China. and was hosted by the Southeastern Mathematical 

Socie ty and Zhenhai High School. About 200 students of grade 

10, from Fujian , Zhejiang and Jiangxi province, formed 39 

teams to take pari in the competition . Apart from these three 

provinces . teams from Hongkong, Shanghai and Guangdong 

were also invited to participate in the competition. The purpose 

of this competi tion is to provide students with a platform for an 
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exchange of Mathematical Olympiad Problems. Besides the 

competition, there were a lso lectures delivered by experts and 

activities for teachers and students to exchange ideas. 

The Competition Commiucc comprises the following: Tao 

Pingsheng . Li Shenghong. Zhang Pengcheng, Jin Mengwei and 

Yang Xiaoming. 

First Day 
0800 - 1200 July 27 .2007 

o How many integers a satisfy the condition: for each a, 

the equat ion X l = ax + a + 1 with respect to x has roots 

which are even and I x I < 1000. 

Solution I Let X t) = 2n • where 11 is an integer and I 211 I < 1000, 

then I 11 I ~ 499. So we can choose at most 2 X 499 + 1 = 999 

numbers, that is, n E { - 499, - 498, "', 0, 1, "', 499}. 

Sb ·· 2· h ' 871
3

- 1 u stltutmg x Q = 11 mto t e equation . we get a = 2n + 1 . 

Sn ] - 1 
Set !(n ) = ZrI + 1' then for any 71 1' 71 2 E { - 499, 

- 498, ·· ·,0, 1, . .. • 499 } (nl ;I=. lip " I ' " 2 E Z) . If 

!( n t ) = !(n 2)' we can sUPpose71 t = ; 1, " 2 = ;2, where x t , 

X 2 are roots of X 3 - ax - Q - 1 = O. Suppose the other root is X l ' 

then according to the sums and products of roots, we obtain 

that is. 

{

X , ~- (x, + x, ). 

X IX! + X 1X3 + X 3 Xl 

X I X 2X 3 = a + 1, 

= - a. 
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where N I =- (1/ r + n ~ + 71 11/ 2) ' N2 =- 1/ 11/ 2( n l + 11 2), then 

4Nl + 8Nz = 1. Contradiction ! 

Thus, for any 71 1' n 2 E {- 499. - 498 . .... O. 1 ..... 499}. 

we have f( '1 1 ) :;6 fe n 2) . whieh means there are exact ly 999 real 

numbers a that sa tisfy the condition. 

Solution n Our aim is to prove that for any even integer x 

which sat isfies I x 1 0:::;;; 998 , the value of a =: ';11 is different. 

On the contrary. if there exist XI :;6 X2 that satisfy 

x J - 1 
= x: + 1 ' where XI ' X2 are even numbers. then 

Since XI -=PX2 => XI -X2 -=p Oand x~x2 + XIX~ + xi + xi + X 1X2 

is an even number, we obtain 

Contradiction! 

Thus. there exist 999 real num bers a that sat isfy the 

condition. 

e As shown in the figure . points C and D are on the 

semicircle wit h 0 as its center and AB as its diameter. 

The tangent line to the semicircle at point B meets the 

line CD at point P. Line PO intersects CA and AD at 

point E and F respecti vely. Prove: OE = OF. 

Proof I Draw line segments OM and MN. such that 

OM -L CD. M N II AD. LetMN n BA ~ N . CN n DA ~ K. 

and connect Be and BM, then we get 
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LNBC ~ L ADC ~ LNMC, 

which mea ns points N . B . M , Care concyclic. Since O. B. 

p, M are also concyclic points. we obtain 

L OPM ~ L OBM ~ 180' - L MCN , 

thus eN 1/ OP and 

CN A N NK 
OE ~ AO ~ OF' CD 

Since M is the midpoint of CD. 

MN II DK, then we get that N 

is the midpoint of CK. Hence. 

according to CD . we have 

DE = OF as desired. 

Proof n As shown In the 

figure. draw OM ..1 CD with M as 

the foot of the perpendicular . and 

E 

connect Be. BM . BD and BE. A 

SinceOM ..l CD. PB ..l AB. then 

0, B, P, Mare concyc1ic points. 

Hence. E 

L BMP ~ L BOP ~ L AOE, L EAO ~ L BDM 

AE AO AB 
=>60AE ",6MDB, BD ~ DM ~ CD 

=> 6 BAE U> 6 CDB, L EBA ~ L BCD ~ L BAD 

OE OB 
=> AD II BE, OF ~ OA ~ 1. 

Therefore, we have OE = OF as desi red . 

• Suppose a ; = min { k + ~ I k E N' } , fi nd the value of 

F 

F 
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S. 2 = Cal] + [a2 ] + ... + [a. 1 ] . where n ~Z , and [x] 

denotes the grea test in teger less than or equal to x. 

Solution Set 

- lk + i + 1 I k a H-1 = mm , - k-

then 

i+1 +- k- ,- = a,+I ' 

which means {a.} is a monotonic increasing sequence. Sincek + 
, 

~ ~ 2m (where the equality holds if and only if k = m). we 

have a ",l = 2m (m E N' ) . 

On the other hand . 

k + m(m + D = 2m +l 
k 

when k = m. m + 1. But when k ~ m or k ~ m + I . we get 

(k - m) (k - m - 1) ~ O. which means 

k 2 -(2m + 1)k + m(m +1) ~ O 

-=::;.k + m(m
k

+ 1) ~ 2m + l. 

Thus. we have a ",l+m = 2m + 1. Moreover . with regards to the 

monotonicity of {a n} ' we have 2m + 1 ~ a , < Z(m + 1) when 

m 2 +m ~ i < em + 1)2. Hence. 

{
2m, m 2 ~ i < m 2 +m, 

= 2m+l,m2+m ~ i « m + 1) 2 . 

Therefore. 

",2+ z", 

2..: [aJ = 2m 'm + (2m + 1) • (m + 1) 

= 4m 2 + 3m + 1, 
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and 

-, 
S" l ~(4m 2 + 3m + 1) + 271 

m_' 
= 4 Xn(n -1)6(2n -1) + 3 X 7l (71

Z
-n + (n - 1) + 271 

8,/ 3 - 311 2 + 137/ - 6 
6 

o Find the smallest positive integer 11 such that any sequence 
, 

of positive integers a 1 • a2' ... • a" satisfy ing L: a, = Z007 

must have several consecutive terms whose sum is 30. 

Solution First ly, we could construct a sequence of positive 

integers with 1017 terms a I , a2 ' "' , a 1017 ' such that we cannot 

find consecutive terms whose sum is 30. Hence. we could 

setal = a 2 = ... = a 2\1 = l , aJQ = 31 a od a 3Ot>t+i aj . 

i E {t, 2, ''' , 30}, mE Nt which means the sequence is 1, 

1, 1.31, 11, I, ... • 1, 31. 1. " , , 11,1 • .. . , 1,31, 11, 

1, 1 (in which there are 34 groups all have 30 terms except 

the last group with 27 terms, totalling 1017 terms) . 

Secondly. when the terms arc less than 1017. what wc 

should do is just to combine several consecutive terms into a 

larger num ber within certain groups of the sequence. 

Now. for any sequence with 101 8 terms a l ' a 2 • ... . a 1018 

1018 

that satisf ies t he condition 2:a; = 2007. we wa nt to prove that 

there must exist severa l consecutive terms whose sum is 30 . 

• 
DenoteS! = ~a ; . k = 1. 2 .. .. . 1018 . then 

i_ I 

I ~ S1 < S2 < ... < 5 1018 = 2007. 

Group the elements in the set {I. 2 . .. . . 2007} as follows: 
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(1 . 3\). (2 . 32) • ... • (30.60), 

(61,91). (62 ,92), ''', (90, 120); 

(121. 151). (122. 152) . ... . (150 . 180), 

149 

(60k + 1 . 60k +3\) . (60k + 2. 60k +32) . ... . (60k +30. 

60(k + 1», 

(60 , 32 + 1,60· 32 + 3\), (60 · 32+2,60 · 32 + 32) , 

(60 ' 32+30.60 ' 33), 

1981,1982 , "' , 2007. 

There are 33 X 30 = 990 brackets and 27 numbers 

without brackets. Arbitrarily take 1018 numbers. whose 

sum is the value of S ~ . There must be two numbers from th e 

same bracket. Denote the two num be rs by (S* , Sk-h ), then 

SHm - S* = 30, which means, 

a H-l +a H-2 + ... + a k-h = 30. 

Therefore, th e minimum of 11 is 1018. 

Second Day 
0800 - 1200 July 28. 2007 

o Let J(x),f(x + 1) - J(x) ~ 2x + t(x E R). and 

I f(x) 1~ 1 when x E [0,1 ]. Prove: 

I J(x) 1<;; 2+ x' (x E R). 

Proof Letg(x) = f(x) - x 2
, then 

g(x + 1) - g(x) = f(x + 1) - f(x) - (x + 1)2 + x 2 

~ O. 
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Thus, g(x) is a periodic function with 1 as its period. On the 

other hand , as is given I f(x) I::;,;:;; 1 when x E [ 0. 1J . so 

I g(x) I ~ I j(x) - x ' hi j(x) I +1 x ' I ,;; 2. 

when x E [ 0. 1J. 

Therefore. the periodic function g(x) sat isfi es I g(x) I ~ 
2(x E R), thus arriving at 

I I(x) I ~ I g(x) + x' 1,;;1 g(x) I +1 x ' I 
~ 2+x](xE R) , 

as desired. 

• As shown in the figure. in the 

right-angle triangle ABC , D is 

the midpoint of the hypotenuse 

AB. MB 1.. AB, MD intersects 

AC at N, and Me is extended to 

intersect AB at E. Prove: 

L DBN ~ L BCE. 

M 

Proof Extend ME to intersect the circumscribed circle of 

LiABG at F, and MD to intersect AF at K. Draw CG /1 MK , 

which meet AF, AB at G and P respectively. On the other 

hand . draw DH ..1 CF with H as the foot of the perpendicular, 

then H is the midpoint ofeF . Connect HE , HP, then D. H . 

B, Mare concycJic. that is. 

L: HBD ~ L: HMD ~ L:H CP. 

Hence. H . B. C. P are a lso concyclic. which means 

L:PHC ~ L:ABC ~ L:AFC 

and PH II AF. Therefore. PH is the midline of D,CFG and P 
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is the midpoint of CG . then AP is the median to CG in MCG. 

Moreover, from NK II CG. we get that D is the midpoint 

of NK. In other words, AB and NK bisect each other. Therefore. 

L DBN ~ L DAK. and 

L DAK ~ L BAF ~ L BCF ~ L BCE. 

then we prove L DBN = L BCE as desired . 

• Find the array of prime numbers (a. b. c ) satisfying 

conditions as follows: 

(1) a < b < c < 100, where a , b. c are all prime 

numbers; 

(2) a + 1, b + 1. c + 1 constitute the geometric 

progression. 

Solution From condition (2), we get 

(a + 1) (c + 1) = (b + 1)2. 

Set a + 1 = n 2 X. C + 1 = m 2 y, with no square factor larger than 

1 in x, y. then we could get that x = y. This is due to the fact 

that from <D, we have 

(mn)2xy = (b + 1)2 . 

wh ich means mll (b + 1). Set b + 1 = mn ' w, then <i) can be 

simplified to 

If W > 1 , then the prime number P1 I w=> pi I w 2
• As there is no 

square factor larger than 1 in x. y. then p 11x and P1 1y . Now 

set x = PI XI' Y = PlYI' W = PIWI . Then Q) can be simplified to 

If WI > 1 still exists. then there will be a new prime num ber 
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P2 I w 1 ~p~ I wi . As there is no square factor larger than 1 in 

Xl ' Yl' then hlxl and P2IYl ' Now set 

Then @ can be simplified to X2Y2 = w~, .... Since there are 

fin ite prime factors of w in CD. then ca rrying on as above, we 

obtai n that there exists r , such that w. = 1. x,y. = w~ 

=>x, = y. = I , we have x = PI P2 . .. P. = y as desired. Now 

we can sct x = y = k, and have 

where 

{

a ~ kn' - 1, 

b = kmn - 1, 

c = km 2 - t, 

l ::;;;: n < In, a < 6 < c < 100. ® 

with no square facto r larger than 1 in k and k * 1. Otherwise. if 

k = 1. then c = m 2 - 1. As c is larger than the third prime 

num ber S. thuse = m 2 - 1 > S=>m. ? 3and 

c = m 2 - 1 = (m - t)(m + 0 

is a composite number. Contradiction! Hence, k is e ither a 

prime numbe r , o r the product of several different prime 

numbers (that is. k is larger than 1 and with no square factor 

larger than 1 in k ) . We say that uk has the property p". 

(a) From ® , m ~ 2. When m = 2, then 71 = 1 and 

{

a = k - 1, 

b = 2k - 1, Since c < 100=>k < 25, then if k = 1(mod3), we 

,~ 4k - 1. 

get 3 1 c and c > 3, which means c is a composite number. 

If k = 2 ( mod 3), then when it is even, the k satisfying the 
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property p is 2 or 14, where the corresponding a = 2 - t = 1 and 

6 = 2 • 14 - 1 = 27 are not prime numbers. On the other hand , 

when it is odd. the k sa tisfying the property p is 5. 11. 17 or 

23. where all the corresponding a = k - 1 are not prime 

num bers. 

If k _ 0 (mod 3), the k sat isfying the property p is 3.6. 15 

or 21. When k = 3, we get the first solution 

J1 = (a, 6, c) = (2,5,11). 

When k = 6. the second solution is 

f 2 = (a, 6 . c) = (5.11.23). 

But when k 15, 21. the corresponding a = k - I are not 

prime numbers. 

(b) Whenm = 3, thenn = 2or 1. If m = 3, n = 2, we have 

{

a: ~ 4k - I, 

= 6k - 1, Since c ~ 97=>k ~ 10 , then the k satisfying the 

= 9k - 1. 

property p is 2,3, 5,6.7 or 10. 

When k = 3. 5 , 7, the corresponding c = 9k - 1 are a ll 

composi te numbers. 

Whenk = 6.6 6k - I 35 , wh ich is a composite 

num ber. 

When k = 10. a = 4k - 1 = 39. which is also a composite 

number. But when k = 2, we get the third solution 

h = (a. b. c) = 0.11.17) . 

{

a ~ k -I, 

If m = 3, n = 1, we have b = 3k - 1 • As k 

c = 9k - 1. 

~ 10, thek 

satisfying the property p is 2.3, 5, 6. 7 or 10. Whenk = 3, 5, 7, 
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the corresponding b = 3k - 1 are all composite numbers. When 

k = 2,10 . th e corresponding a = k - 1 are not prime numbers. 

But when k = 6, we get the fourth solut ion 

/ 4 = (a. b . c) = (5.17.53). 

(c) Whenm = 4. frome = 16k - 1 ~ 97=;.k ~ 6. then the 

k satisfying the property p is 2. 3, 5 or 6. When k = 6, 

c = 16 · 6 - 1 = 95, which is a composite number. When k = 5, 

{
a = 5n 2 - I, 

then As 71 < m = 4, n can be 1. 2, 3 , which 
b = 20n - l . 

means at least one of a, b is not a prime number. 

c = 48 - 1 = 47 and { : 
=371 2 - 1. 

When k = 3 . 
= 1211 - 1. 

Considering n < m = 4, the corresponding a. b are both 

composite numbers if n = 3. But. if n = 2, we get the 

fifth solution 

h = (a, b, c) = (\1,23,47). 

If 71 = 1. we get the sixth solution 

16 = (a. b. c) = (2.11. 47). 

When k = 2, c = 16 • k - 1 = 31 

11 < In = 4. the seventh solution 

{

a = 271 2 - 1, 
and 

b = 8r1 - 1. 

17 = (a, b. c) = (17. 23. 31) 

exists if II = 3. 

Since 

(d) Whenm = 5, then e = 25k - 1 '-";:;; 97 and thek satisfying 

the property p is 2 or 3. but the corresponding e = 25k - 1 are 

both composite numbers. 

(c) Whcn m = 6, then e = 36k - 1 '-";:;; 97 and thck satisfying 
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the properly p is 2. Hence. c = 2 • 36 - 1 71 and 

{

a =2n2 - 1. 
As n < m = 6, the eighth solution 

b = 1211 - 1. 

Is = (a. b. c) = (7.23.71) 

exists if n = 2. and the ninth solution 

19 = (a, b. c) = <31, 47, 71) 

exists if n = 4. 

(0 When m = 7. then c = 49k -1 ~97 and the k satisfying 

the properly p is 2. Hence. c = 2 • 49 - 1 = 97 and 

{

a = 2n2 - 1. 
As 11 < m = 7 . the tenth solution 

b = 1411 - 1. 

110 = (a. b. c) = (17, 41, 97) 

exists if n = 3, and the eleventh solution 

III = (a. b. c) = (71. 83. 97) 

exists if n = 6. 

(g) Whenm ~ 8. then c = 64k - 1 ~97. but thek sat isfying 

the property p does not exist . 

Therefore. there are 11 possible solutions. namely 

11' 12' ... • 1 11 ' 

o Given real numbers a, b . c such that abc = 1. prove that 

for all the integers k ~ 2 , 

a* b* c* 3 
a+b +b +c+c+ a ~2' 

Proof Since 

a* til 1 :ria' k --+-(a + b) +-+-+ "' +->- k o - =-a 
a + 6 4 .2 2 2. ~ 2* 2' 
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then 

Similarly, 
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b~ k 1 k - 2 -- >--b - - (b + 0) - -
b + c ~ 2 4 2 ' 

c* k 1 k - 2 -- >- - c - - (0 + a) - -
c + a ~ 2 4 2 . 

Adding the three inequalities above, we obtain 

as desired. 

a~ b* c* -- +-- +-
a + b b+c c + a 

k 1 3 
~ 2(a + b + c) - 2(a + 6 + c) - 2(k - 2) 

= k ~ 1 (a + b + c) - ; ( k - 2) 

~ ~ (k - 1) - ~ (k - 2) 

3 
= "2' 

Remark The problem could also be proved by the Co.uchy 

inequality or the Chebyshev inequality. 

The fifth (2008) China Southeastern Mathematica l Olympiad 

was he ld fro m 26 to 30 July 2007 in Longyan . Fujian, China. 

and was hosted by Southeastern Mathematical Society and 
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Longyan No.1 High School. 

T he Competition Committee comprises the following: Li 

Shenghong, Tao Pingsheng, Zhang Pengcheng, Sun Wenxian, 

Yang Xiaoming, Zhang Z hengjie. Wu Weiehao and Zheng 

Zhongyi. 

First Day 
0800 - 1200 July 27,2008 

... It is given the set S = { t. 2. 3 • ... • 3n } , where n IS a 

posit ive integer. T is a subset of S such that: for any 

x, y, z E T ( where x, y, z can be the same), 

x + y + z f/:. T. Find the maximum value of the number 

of e lements in sueh set. 

Solution Set T u = {7/ + 1, n + 2, ...• 37/ }, where I T o 1= 211 

and the sum of any three elements in T o is la rger than 3n. that 

is to say, the sum does not belong to T o. Thus. max I T I ~ 27/. 

On the othcr hand, construct a sequence of sets 

A o = {n, 211, 311 } , 

A~ = {k. 211 - k . 2n +k } , k = 1. 2 • ... • ,, - 1, 

-, , 
then S = U A . . For any subset T in S which has 2n + 1 .-. 
elements, it must contain a certain A k • 

If Ao c T', it con tai ns the e lement 3" = n + " + 11. 

If a certa in A . C y' • k E {1, 2 , ''', 11 - 1} , it will contai n 

the element 

211 + k = k + k + (2" - k ) . 

then max I T 1< 2n + 1. That is , max I y I = 211. 
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• It is given the sequence {an } : a 1 = 1. 

a~+I = la w + n · (1 + 2n
) . 11 = 1.2.3. 

Find the general term a." 

Solution Divide the recursion formu la by 2w+l throughout . we 

obtain 

that is . 

Then 

" 
~ ~i ' then 2S n 

1 11 +1- 1 ~(i i - l) 
= 21-\ - 2'*1 1 + ~ 2H - 2;- 1 .-, 
= 1 _ ~ + ~ _'_ 

2· ~ 2;- 1 .-, 
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1 

~ 1 - ~~ + 21[1- (; f'J 
1 - 2 

Thus , 

= 1 _ 2!.. + 1 _ _ 1_ 
2" 2"- ' 

= 2 _ "+2 
2" . 

Consequently. 

., 'n 6 ABC, BC > AB, BD 

bisecLS LABC and intersects 

AC at D. As shown in the 

figure . CP .1 BD with P as 

the foot of perpendicula r 

and AQ .l. BP with Q as the 

foot of perpendicular. Points 

(n ;:::. 2) . 

H 
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M and E are the midpoints of AC and BC respectively . 

The circumscribed circle ° of 6 PQM intersects AC at the 

point H. Prove that 0. H . E . Marc concycl ic. 

Proof Extend AQ to intersect BC at point N, thcn Q, Marc 

the midpoints of AN and AC respectively. Thus QM II BC. and 

L PQM ~ L PBC ~ ~ L ABC. 
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Simila rl y. L MPQ = ~ L ABC. ThenQM = PM. 

Since Q, H, p, Mare concyclic, we have 

L PHC ~ L PHM ~ L PQM. 

that is. L PHC = L PBC. Therefore. p, H. B. Care 

concyc1ic a nd 

L BHC ~ L BPC ~ 90·, 

Hence. 

1 HE ~ 2BC ~ EP, 

Since OH = Op, we know that OE is the perpendicular 

bisector of HP. Also, L MPQ = ~ L ABC and E is the 

midpoint of Be, we conclude that P, M and E are coll inear. 

Conseq uent ly. 

L EHO ~ L EPO ~ L OPM ~ L OMP 

and 0. H, E, Marc concycl ic . 

... Given positive integers m , 71 ;;3:. 2. fi rst select two di fferent 

a i ' a j ej > i) in the integer set A = {a l ' a 2' " ' , a ~} and 

take the difference aj - a ,. . Then arrange the (;) 

differences in ascending order to form a new sequence. 

which we call ' derived sequence' and is denoted by A. 
T he number of e lements in A that can be divided by m is 

denoted by A (m ) . Prove that for any m ~ 2, the 

corresponding deri ved sequences A and B. wit h rega rd to 

A = {a I , a 2' "', a ~} and B = ( 1, 2, "', n ) , satisfy the 

inequa lit y A(m) ~ B(m) . 
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Proof For any integerm ~ 2. if the remainder of x divided by 

m is i. j E {a. 1. " ', m - 1}, then x belongs to the residue class 

modulus m. K ;. 

Suppose in the set A = {a i , a2' "', a~ } . the number of 

elements that belong to K o' is n iei = 0, 1, 2, "' , m - 1), while 

in the set B = { \, 2 •.. . • 11 } . the number of elements that 

belong to K; isn : (i = 0. 1,2, "' , m - 1), then 

It is obvious that for every i, j, I n , ' - n/ I ~ 1, and.:z: - y is a 

multiple of m if and only if x, y belong to the same residue 

class. As to any two elements a" a i in K ; , we havem I a j - a ;. 

Hence, the n , elements in K; form (7~' ) multiples of m. 

Considering all the i . we obtain 

Similarly. 

13<m) ~ ~(.;) . 
• - 0 2 

Hence. to solve the problem, we just need to prove that 
.. - 1 _ 1 , 

L:("o' ) ~ 2: ('\ ), and it can be simplified to 
, _ 0 2 ;_ 0 2 

From CD, if for every i, j, I n ; - n ; I ~ 1 • then no. 71 1' "' , " _I 

andn'o, n'l • .... n' ..... 1 must be the same group (in spite of the 

different order), and equality holds in @. Otherwise, if there 

exist i, j, such that 71 ; - 71 ; ~ 2 , then we should just change the 



162 MathematicaIOI}'mpiad in China 

two elemen ts n i ' n j for ni. iii respectively, where iii = II ; - t • 

II; = Tl j +1, a nd II ; + 11; = ii; +nj . Since 

( ,d+np - (n~ + iij)=2(n ; - n j - t»O, 

the sum of the left side in ® will decrease after adjustment. 

The refore , th e minimum value of ® is attained if and only if 

d " ' h ( . 11 0 ' 71 I ' " ', n ".--I a n n o, rI I ' "', 11 m-! are t e same group In 

spite of the different order). that is. the inequality @ holds. 

Second Day 
0800 - 1230 July 28,2008 

4:» Find the largest positive number ). such that 

J5 I A XY + yz. I ~ 2' where x 2 + y 2 + Z 2 = 1. 

Solution Note that 

= x2 + y2 + Z2 

,+ . ' ' + 1 '+' = x 1 + ,\2Y 1 + ). 2Y z 

;;;, ~u I xy 1+1 yz I) 
1 + ). 2 

;;;, ~(I hy + yz I) , 
1 + . 

and the two equalities hold simultaneously when 

Thus, ~ 
2 

2~' Z 2~' 

is the maximum value of I ).xy + yz. I . Let 



China Southeaslern Mathematical Olympiad 

~ J5 
2' 

We obtain that ). = 2. 

• As shown in the figure, Be and 

AC are tangen t to the inscribed 

circle I of 6.ABC at M and N , E 

and F are the midpoints of AB, 

AC respect ively. EF intersects BI 

at D, Prove that M, N, Dare 

collinear. 

A 
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, , , , 
r ' . 'D 

• 
. 

• • 
N(G) 

Proof Join AD, and it is obvious that LADB = 90°, Then 

join Al and DM, Suppose DM intersects AC at G, Sincc 

LABI = L'.DBM. we Obtain :O = ~. Hence. MEl (/) 6.DBM. 

and 

L OMB ~ L AIB ~ 90' + ~ L ACB, 

Join IG, IC. 1M. then 

L IMG ~ L OMB - 90' ~ ~ L ACB ~ L GCI. 

Therefore. I . M. C. G areconcycl ic. andlG .l AC. 

Consequently, since G and N represent the same point, we 

conclude that M . N. D are collinear, 

.. Captain Jack and his 

pirates robbed 6 boxes of 

gold coins A" A 2 • A 3 , 

A~, As , A 6 • There are a; 

coins in boxA"(i = 1. 2. 
a, 

a, 

a, u. a, a. 
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3,4 . 5,6) and a ; #- a iC i #- j) . They laid the boxes as 

shown in the figure. Captain Jack would take turns with 

a nominated pirate to choose a box. The rule was: Each 

person could only choose a box which was adjacent to at 

most one box. If Captain Jack got more gold coins than 

the pirates. then Captain won the game. If Captain Jack 

went first . what should be his strategy to win the game? 

Solution When there are 2 boxes . Captain Jack will natura lly 

win the game. 

Lemma 1 When there are 4 boxes , Captain} ack tvould 

aiso have a strategy to win the game. 

How is it ? Since there are 4 boxes. then there are two ways 

to link them. 

D-D-D-D 
ea", I 

Case I 

In the first round , Captain Jack has the three outer boxes 

to choose from . it is certain he will choose the one having most 

coins, while the pirate could on ly choose one from the other 

two . Anyway, they cannot choose the one in the centre. After 

the first round , Captain Jack wou ld have more coins than the 

pirate. Then, there are only 2 remaini ng boxes, Captain Jack 

will surely choose the one having more coins and win the game. 

Case 2 

Paint 4 boxes in black and white and arrange as shown in 
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the figure. If there are more coins in 

black boxes than in the white ones. 

Capta in Jack will take the black box 

165 

first . forcing pirate to take the white one. and after that. 

Captain Jack will take the other black box and win the game. 

Now let us examine the original problem. 

If a 6 ~ a ~ . Captain Jack could take the available box that 

has the most coins . then the pirate takes one. And this problem 

would be simplified to "4 boxes" problem in Lemma 1. 

Otherwise. if a ~ > a 6 ' we can assume a 1 > a 2' and paint 

a t . a 3. a s black. while the rest white, as shown in the figure . 

Then. we should check whether if 

a 1 + a3 + a s ~a l + a4 + a 6 or not. 

If it is. Captain Jack could take 

all the white boxes and win the 

game. If not. he could take a 6 

first. thcn 

a, 

., 

., ., 
(1) If the pirate takes a1' then Captain Jack takes a 2 and 

a 4 to win the game. 

(2) If the pirate takes a 2' since a t > a 2 • then Captain Jack 

takes at. Although he could not have taken all the black boxes. 

but si nce a t> a 2 • he could also win the game. 

(3) If the pirate takes a s . then Captain Jack takes a 4 . and 

(a) If the pirate takes a t , Captain Jack could take a 2 

to win 

(b) If the pirate takes an since a 1 > Q2' Captain Jack 

could take a t to win. 

Therefore . Captain Jack has always a strategy to win the 

game. 
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• Let II be a positive integer , and j(n ) denote the num ber 

of n-digit integers a l a 2 "'a ~ (ca lled wave number ) that 

satisfy the fo llowi ng conditions : 

(Da ; E- {1, 2 , 3, 4}, and a , #- a H-l . i = \, 2, " 'j 

( i i) When 11 ? 3, the num bers a ; - ai+1 and a ;+l - ai+2 have 

opposite signs , i = 1, 2 , .. . . 

Fi nd (1) the value of j(10), 

(2) the remainde r of f(2008) divided by 13. 

Solution (1) When n ~ 2. if a \ < a 2' a I al " 'a~ is classified as 

A class. The number of a\a2"'Q" is denoted by g(n). If a t > a 2 , 

the n a\a 2 " 'Q" is classified as B class. By symmetry. the number 

of such a,Q 2"'a " is also g(n), Thus, f en) = 2g(n), 

Now we want to find g ('I) . Denote 1n * (i) as the k-digit 

"A wave num ber" whose last digit is i ( i = 1, 2, 3, 4), then 

• 
g(lI) = L:m " (i) . 

;_ 1 

As a Zl:-l < Q 21 ' a ll > Q 2t+ 1 , we have the following 2 cases. 

(a) Whe n k is even , m~H (4) = 0, m H1 0) = m . ( 4 ) , 

m Hl (2) = m.(4) + m.O), m Hl (l) = m.(4) + m . O) + 
m • (2) . 

(b) Whe n k is odd , m Hl ( l) = 0, m HI (2) = m . (1) . 

m 1+IO) = m..(l) + m.(2), m 1+I(4) = m.(1) + m . (2) + 
m . O). It is obvious that m 2(t) = 0, m 2(2) = 1, m 20) = 2 . 

m 2(4) = 3. then . g(2) = 6. 

Hence, 

m ) (1) = m 2(2) + m2 0) + m2(4) = 6 , 

m ) (2) = m 20) + m 2( 4 ) = 5, 

m ) O) = m 2(4) = 3. m 3( 4 ) = O. 
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Therefore 

, 
gO) = 2:m J (i) = 14. 

i ~ 1 

On the other hand , since 

we obtain, 

m~(1) = 0. m~(2) = m 3(1) = 6. 

m.O) = m 30) + m ) (2) = 11, 

m4(4) = m 3(1) + m 3(2) + m 30) = 14, 

, 
g(4) ~ ~m,(il ~ 31. 
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In the same way, we could get g(5) = 70, g(6) 157, 

g(7) ~ 353 ,g (S) ~ 793. 

Then, in general, when n ~ 5, 

g(n) = 2g{n - I) + g(n - 2) - g(71 - 3) . 

Now we prove Q) as fo llows. 

Using mathematical induction, we are done when" = 5. 6. 

7, 8. Suppose Q) holds when for 5, 6, 7, 8···. 11, now consider 

the case for 11 + 1. When n is even, from (a), ( b), we have 

m "+I ( 4 ) = O,m "-+I O) = m n (4). 

m~+1 (2) = m.(4) +m.O), 

m ..-+I (1) = m . (4) + m.O) + m.(2). 

Asm.(l) = D. then 

, 
g(n + 1) = 2:m "-+l (i) 

i _ I 

, 
= 2( ~m.(i)) + m.(4) - m.(2) 

i - I 
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• 
= L:m~-I (i) = g(n - \), 

m ~ (2) = m .---l (1) = m w-2 (4) + m "...-2 (3) + m ..--2 (2) +0 

= g(n - 2). 

We obtain . 

gen + 1) = 2g(n) + g(71 - 1) - gen - 2) . 

• 
On the other hand , whenn isodd,gCn + t) = L;m ,..j-j (i) . 

Sincem ><+, (l) = D. m ..-+, (2) = m ,, (1),m ,, (4) = 0. 

then. 

Since 

m ..... , (3) = m.(1) + m ,, (2), 

111 ..-+, (4) = m ,, (t) + m " (2) + m"O), 

• 
g(n + 1) = ~m ..-tl (i) 

• 
= 2 L:m ,, (i) + m " (1) -m"O) 

m ,, (1) = m,,_t(4) + m ..-, (3) + m ,,_t (2) + 0 = gCn - 1), 

m ,, (3) = m ...... J4) = m ,,--2 (1) +m ..-2(2) +111 "-2 0) +0 

= gen - 2). 

We get 

gen + 1) = 2g(n) +g( rI - 1) - g(n - 2 ) . 
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Hence. CD holds for 11 + 1. By mathematica l induction . CD holds 

when 11 ~ 5. 

From CD , 

Thus. 

g(9) ~ 2g(S) + g(7) - g(6) ~ 17S2, 

g( 10) ~ 2g(9) + g(S) - g(7) ~ 4004. 

J(10) ~ 2g(10) ~ SOOS. 

(2) Now consider the sequence of remainders of {g ( 1I )} 

divided by 13 . From CD, when 11 = 2 , 3 , 4 , "' , 14, 15, 16 , 

17, ' '' , the corresponding rema inders are 6 , 1, 5. 5 . 1,2, O. 

1, 0,1,1.3 ; 6 , 1,5,5, '" 

T herefore, when I I ~ 2 , the sequence of remainders is a 

periodic sequence whose minimum period is 12. As 

2008 = 12 X 167 +4 , 

we get 

g(2008) == 5 (mod 13). 

T he refore, 

J(200S) ~ 10 (mod 13) . 
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.... Real numbers a " a 2. " ' , a ~ are given . For each 1 

(1 ~ i ~ n), define 

d ; = max{ai :1 ~ j ~i} -min { ai ~ i ~ j ~ n } . 

and let 

d = max{d j : 1 ~ i ~ n }. 
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(1) Prove that: for any real numbers XI ~X2 ~ ••• ~x~ 

( 2) Show that there are rea l num bers Xl ~X2 ~ • •• ~x~ 

such that equality holds in CD . 
Solution (1) Define 

d = dg( l ~ g ~ n ) , 

a p = max {a j :l ~ j ~g} , 

aT = min {a j :g ~ j ~ n } . 

This yields 1 ~ P ~ g ~ r ~ n andd = Q p -a ,. 

It is worthwhile to observe that for any real numbers 

Consequently. 

Hence 

max{1 X j - a ; 1:1 ~ i ~ n } ~ max { 1 Xp - a p I. 1 X T - a T I} 

~ max{a p - X p ' X T - a ,} 

( 2) Define the sequence {x.} as Xl 

X. = max {x._I' a. - ~ } , (2 ~ k ~ n ) . 

Now we will prove that for the above sequence the equality 



172 MathematicaIOI}'mpiad in China 

holds in CD . 
By definition of { x . } . {x.} is a non-decreasing sequence, 

d 
and x* - a. ~-2 forall k (l ,;;; k :;;;: n) . 

In the following. we prove for all k (1 ~ k ~ II ) 

Fo r any k ( 1 ~k ~ 1I ), letl (t ~k ) be the smallest in teger such 

that xk = X I _ Hencel = 1 or t ~ 2and xl >Xl- l _ 

In both cases , 

d x. =XI = a' - "2 

holds. 

Since 

in view of @ . we know 

This esta blishes @. Thus 

holds fo r a ll 1 ~ k ~ n. hence also 

max{ I Xi - Q ; I : 1 ~ i ~ 71} 

In view of part (1 ) , the equali ty holds in CD for the 

sequence {X k } . 

An alternative solution of part (2) . 

For each i (1 ~ i ~ 11) , define 
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M , = max{a j :l ~ j ~i} . 'Tn ; = min{a; :i ~ j ~ n }. 

Then 

M; = max{a I , "' , a; } ~ max{a " "' , a ; . a ;+I} = M .+1' 

111 ; = min{a ;. a n-I ' •••• a ~} ~ min{a ;+I ' ...• a ~} = In <+1. 

It is also worthwhi le to observe that m ; ~ a ; ~ M i. 

M · + m· Take x; = ' 2 ' ,byd, = M ; - m, yields 

~x; - m ; 
M ; - m ; 

2 
= d ; 

2 · 

Consequently. 

max{1 x~ - a ~ 1:1 ~ k ~ 1I } ~ max { ;i :t ~ i ~ n } = ~. 
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In view of part (1), the equality holds in CD for the sequence 

{x ~ } . 

• Consider five points A, B, C, D and E such that ABCD 

is a para llelogram and BCED is a cyclic quadrilateral. Let 

l be a line passing through A. Suppose that l intersects 

the interior of the segment DC at F and intersects line BC 

at G. Suppose also that EF = EG = EC. Prove that l is 

the bisector ofL.DAB. 

Proof Draw the altitudes of (Wo ~n~"":::l~;j;;:;;~Gr' 
isosceles triangles EGC and ECF as in 

the figure. F 

In view of the given condition, it is 

easy to see that LYUJF V> 6.GCF. Hence D 
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~ DF 
CK 

=> BC + CL ~ DF + FK 
CL CK 

~ DK 
CK 

Since BeED is a cyclic quadrila teral, L LBE = L.EDK, this 

yields L.BLE (/) t6.DKE , where both are right-angled triangles. 

So 

Thus 

BL EL 
DK ~ EK" 

In view of CD and (2) . & = ~ . this rreans 6 CLE (/) 6.CKE. 

CL 
CK = 1, 

i. e. CL = CK~CG = CF. 

It is intuitively obvious that L.BAG 

the bisector. 

L GAD. Hence I is 

41» In a mathematica l co m petition some compet itors are 

friends. Friendshi p is a lways mutual. Ca ll a group of 

com petitors a clique if each two of them arc fr iends. 

( In particular, a ny grou p of fewe r than two 

competito rs is a clique. ) The number of members of a 

clique is ca lled its size. 

G iven that, in this competition. the size of the largest 

clique is even . prove that the compet itors can be arranged 

in two rooms such that the largest size of a clique 
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contained in one room is the same as the largest size of a 

cl ique contai ned in the other room. 

Proof We provide an algorithm to distri bute the competitors. 

Denote the rooms A and B. At some initial stage , we move 

one person at a time from one room to the other one. We 

achieve the target by going through severa l adjustments. In 

every step of the algorithm, let A and B be the sets of 

competitors in room A and B. Let C(A) and C(B) be the 

largest size of clique in room A and B respectively. 

Step 1: Let M be the la rgest clique of all competitors , 

I M I ~ 2m. 

Move all members of M to room A, and the remained ones 

to room B. 

Since M is the largest clique of all competitors. we have 

C(A) ~ I M I ;;o C(B). 

Step 2 : IfC(A) > C(B). move one person from room A to 

roomB. ( Inviewof C(A) > C(B).wehaveA # 0 . ) 

After every operation is done, C (A) decreases by 1 while 

C ( B ) increases by 1 at most. These operations will not 

end until 

C(A) "; C(B) "; C(A) + 1. 

At that time, we also have C(A) = I A I ~ m. (Otherwise 

there a re at least m + 1 members of M in room B. at most m - 1 

members in room A, then C(B) - C(A) ~ (m + 1) - em - 1) = 2, 

it is impossible. ) 

Step 3: Denote K = C(A). If C(B) = K. we are done; or 

elseC(B) = K + 1. From the above discussion. 

K ~ I A I~ I A nM l ;;o m, I B nM I"; m. 
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Step 4: If there is a clique C in room B with I C 1= K + 1 

and a competitor x E B n M but x ff C, then move x to room 

A, we are done . 

In fact . after the operation . there are K + 1 members of M 

in room A, soCCA) = K + 1. Since x ff C, whose removal does 

not reduce C . CeB ) = C. Therefore , C (A) = C (B) = K + 1. 

If such competitor x does not exist. then each largest clique in 

room B contains B n M as a subset. In this case, we do step 5. 

Step 5: Choose any of the largest clique C ( I C I = K + 1) in 

room B . move a member of C\M to room A. ( In view of 

I C I ~ K + 1 > m ~I B n M I . we knowC\M oF 0 . ) 
Since we only move one person at a time from room B to 

room A. so C ( B ) decreases by 1 at most. At the end of this 

step , we have CeB ) = K. 

Now. there is a c1iqueA n M in A. I A n M 1= K. So 

C(A) ~ K. 

We prove C( A ) = K as follows. 

Let Q be any clique of room A. We only need to show 

I Q I<;; K. 
In faet , the members of room A ean be classified into two: 

(1) Some members of M in view of M being a clique . are 

friends with a ll the members of B n M. 

(2) The members move from room B to room A at step 5 . 

they are friends of B n M. 

So . every member of Q and members of B n M are friends. 

What is more, Q and B n M both are cliques. so IS 

Q U (B n M ) . 

Since M is the largest cl ique of all competitors, 

I M I ~I Q U(B nM) I~ I QI +I B nM I 
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~I Q I +IM I - I A nM I. 

So I Q I,;;:;; I A n M 1= K. Therefore, after these 5 steps. we 

haveC(A) ~C(B) ~K . 

Second Day 
0900 - 1330 July 26 ,2007 

«» In triangle ABC th e bisector of angle BCA intersects 

the ci rcum ci rcle at R, the perpendicular bisector of 

BC at P. and the perpendicular bisector of AC at Q. 

The midpoint of BC is K and the midpoint of AC is 

L. Prove that the triangles RPK and RQL have the 

same area. 

Proof 

If AC = BC. 6ABC is an isosceles triangle. and CR is the 

symmetry axis of 6RQL and 6 RPK. The conclusion is 

obviously true. 

If AC "# BC. without loss of 

generality. let AC < BC. Denote the 

center of circumcircle of 6 ABC by O. 

Since the right triangles CQL and 

CPK are simi lar . 

1 

8 

R 

L CPK ~ L CQL ~ L OQP, and ~~ ~ ~~ . CD 

Let L be the perpendicular bisector of CR. then 0 is on L. 

Since 6 0PQ is an isosceles triangle. P and Q arc two 

points symmetrical about L on CR. 

So 
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RP ~ CQ and RQ ~ CP. 

By CD . ® . 

S(6RQL) 
S(6RPK ) 

1. . RQ • QL • , in L RQL 
2 

.1 . RP • PK • s in L RPK 
2 

~~ . ~~ ~ ~ . ~ ~ l. 

Hence the two triangles have the same area. 

• Let a a nd b be positive integers. Show that if 4ab - 1 

divides ( 4a 2 - 1)2 . then a = b . 

Proof Call (a, b ) a "bad pair" if it satisfies 4ab - 1 I ( 4a 2 - 1) 2 

while a =F- b. We use the method of infinite descent to prove 

there is no such " bad pair". 

Property 1 I f (a , b) is a " bad pa ir" a nd a < b, there 

exists a rl integer c (c < a) such that (a . d is also a "bad pair". 

(4a 2 - 1)2 
In fact , let r = 4ab 1 , then 

r = - T ' ( - 1) = - ( 4a 2 - 1)2 _ - 1 (mod 4a) . 

Therefore there exists an integer c such that r = 4ac - 1. 

Since a < b, we have 

4ac - 1 

So c < a and4ac - 1 I ( 4a 2 - 1)2. Thus (a. c) is a "bad pair" too. 

Property 2 If (a, b) is a "bad pair", so is (b, a) . 

In fact . by 

1 = 1 2 ~ (4ab) 2 (mod(4ab - 1)), 

we get 
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(4b1 _1)2 = (4b1 -(4ab)2)2 = 16b4 ( 4a 2 - 1)2 

:.=; O(mod C4ab - 1)). 

Thus 4ab - 1 I (4b2 - 1)~ . 
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In the following we will show that such ;'bad pair" does not 

exist. We shaJI prove by contradiction. 

Suppose there is at least onc "bad pair", we choose such 

pair for wh ich 2a + b is minimum. 

If a < b, by property 1, there is a "bad pair" (a. c) which 

satisfiesc < b, and2a +c <2a +b, a contradiction . 

If b <a , by property 2, (6 , a) is also a "bad pair", which 

leads to 2b +a < 2a + b , a contradiction . 

Henee such "bad pa ir" does not exist. Therefore a = b . 

• Let 11 be a positive intege r. Consider 

s = { (x, y, z) :x . y, z E {O, 1, 11 } , 

x+ y +z>O} , 

a set of (11 + 1)3 - 1 points in three-dimensional space. 

Determine the sma llest possible number of planes, the 

union of which contains S but dcx:s not include (0, 0, 0). 

Solution The answer is : we need at least 3 11 planes . 

It is easy to see that 3n planes satisfy the given conditions. 

For example, x = i . y = i and z = i Ci = 1,2, ...• 11 ). Another 

exampleis x+y + z = k (k =1,2, "', 311) . 

Now we prove that 3n is the extreme value. The following 

lemma is the key to the proof. 

Lemma 1 Let P (Xl. "', x.) be a lIOn-zero poLynomial in 

n variables . I f every wtuple (Xl' "' , x.), satisf y ing 

Xl ' •••• x. E {O, 1, "' , n } as well as Xl + X2 + ... + x. > 0, is 

the zero point of the polynomial. and P (0 . 0, ", ,0) =F O, then 
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deg P ~ kn. 

Now we prove Lemma 1. 

We apply induction on k. 

For k = 0, since P -::j::. 0, the lemma is sure ly true. 

Assuming that the lemma holds for k - I, we prove that it 

also holds for k . 

Denotey =x •• letReX l ' " ', X l - I ' y) be the remainder 

when P is divided byQ(y) = yCy - l)(y - 2)" ' (Y - n) . 

SinceQ(y) = yCy - t)(y - 2)' '' Cy - n) hasn + 1 zeroes, 

namely y = 0 , 1 •...• 71. This yields 

p ez] •. .. • Xi-I' y) = R exl •.. . • X i-I ' y) 

forallx 1' .. .• x • • y E {D. 1, "', n }, This mea nsR sat isfies 

the hypothesis of the lemma, what is morc. deg,.R ~ 11. Also it 

is obviolls that deg R ~ deg P. So we only need to show that 

degR ~ nk. 

Now, rewrite R in descending powers of y : 

Re x! • . .. • X . _l , y) 

= R "eXl ' "', Xl - l )Y" + R ..-1(x\, "', X l - l )y · - I + ... 
+ R o(x l ' ...• X._l ). 

In what follows , we prove that Rn (X I ' X.l-!) satisfies 

the induction hypothesis. 

In fact, consider the polynomial T( y) = R (O, . .. , 0, y) . 

It is easy to see that deg T(y) ~ 71, and T(y) has 71 roots: 

y = t, ··· ,71. 

On the othe r hand, since T(o) "# 0 then T(y ) "# O. So 

deg 'fCy) = n a nd R~(O , ... , 0) :;C O. (In the case ofk = 1, the 

coefficient R. is non-zero. ) 

For each f ixeda ! , ... , a t- ! E {Otl. n } a nd a l + "' + 
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a H > 0, the polynomial R (a\, ... , a. _\, y) obtained from 

Re x l ' .. . , X._ I ' y) by subst ituting the value of X i = ai has 

n + t roots whi le dcg R ~ n. Hence it is a zero polynomial. and 

R ;Cap "' , a._I ) = 0 (i = O. 1, "' , 7/ ) . In particular, 

R n(at, "', a t-I ) = 0. 

By the induction hypothesis, degR ~ ~ ek - 1 )71 . So 

degR ;;::: deg R . + 71 ;;::: kn. 

This completes the induction and the proof of Lemma 1. 

Assume the union of N planes contains S but does not 

include (0, 0 . 0). let these N planes be 

ajX + b jy + Cj% + d ; = 0. 

Consider polynomial 

N 

P(x, y . %) = II (ajx + biy + c,% + d i ) . 

i - I 

The degree of it is N. 

For any (X O. Yo, %0 ) E S . pex o . Yo, %0 ) = 0, but 

P(O, 0, 0) =F O. By lemma. we get N =deg P ;;::: 371. 

Remark This problem belongs to real algebraic geometry. 

it is noteworthy. 

Firs! Day 
0900 - 1330 July 16 .2008 

4» An acute triangle ABC has orthocenter H . The circle 
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through H with center the 

midpoint of Be intersects the line 

Be at A l and A z . Similarly. the 

circle passing through H with 

center the midpoint of CA 

intersects the linc CA at B l and 

A 

8 2 • a nd the circle passing through H with center the 

midpoint of AB intersects the line AB al C1 and C2 • 

Show that A t . A 2 • B 1 , 8 2 • C I' C 2 are concyclic. 

Proof I Let Bo, Co the midpoints of CA, ABrespectively. 

Denote A' as the other intersection of the circle centered a t Bo 

which passes through H and the circle centered at Co which 

passes through H. We know that A ' H ..1 C oBo. Since Bo, Co 

are the midpoi nts of CA, AB respecti vely, BoCo /1 Be. 

ThereforeA'H .1 Be. This yields that A' lies on the segment 

AH. 

By the Secant - Secant theorem, it follows that 

So 8 1 , B2 • C l ' C 2 are concyclic. 

Let the intersect ion of the perpendicular bisectors of B l B 2 , 

C 1 C 2 be O. Then 0 is the ci rcumcenter of quadrilateral 

B I B2 C 1C 20 as well as the circumcenter of .6.ABC . So 

Similarly, 

Therefore , six points A I . A 2 • B 1 • B2 • C l • C 2 are all on the 

same circle . whose center is O . and radius OA I. 

Proof n Let 0 be the circumcenter of triangle ABC, and D. 
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E, F the midpoi nts of Be, CA, AB respectively . BH 

intersects OF at point p, then BH 1.. DF. By Pythagoras' 

theorem, we have 

BF2 - FH 2 = Bp2 _ PH2 = BD2 - DH2. <D 

B0 2 - A 10 1 = BDl - A 1D2 = BDl - DH 2. @ 

Simila rly. 

By CD , @ , CD . AIO = C l O. It is obvious that A IO = AlO. 

C IO = C 20. thus 

Similarly, 

Therefore. six points A I . A 2 • 

BI • Bn C I • C 2 are a ll on the same 

circle, whose center is O . 

• (1) Prove that 

c, 
A 

, , 

for all real numbers x, y, z . each dirrerent from 1, 

and satisfying xyz = 1. 

(2) Prove that the equal ity holds for infinitely ma ny 

triples of rationa l numbers x, y. z. each different 

from 1, and satisfyingxyz = 1. 

Proal I (!) Let 

x 
x - I 

=a, - Y- = b, _ Z_ = c, 
y - l z - l 
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then 

x a b = _,_ 
= a - t' Y = b - l'z c - 1' 

Since x yz = 1, we have 

abc = (a - 1) ( b - l)(e - 1), 

that is 

a + b + c - \ = ab + bc + ca . 

Therefore 

So 

a 2 + b2 + c2 = (a + b +C ) 2 - 2(ab + bc +ca ) 

= (a + b + C) 2 - 2( a + b + c - 1) 

= (a + b + c _ 1)2 + 1 

( kkk' k - 1 ) . (2) Takeex , y ,z) = - ( k 1)2' - ' /;2 , k lS 

an integer , then ( x , y , z) is a triple of rational numbers . with 

x , y. z each different from 1. What is more, a diffe rent 

integer k gives a di fferent triple of rational numbers. 

(k ' 
k 2 (k - k 2 )2 (k - t) 2 

k + I) ' + (k ' k + I) + (k ' k + 1) 

e - 2e + 3k 2 - 2k + 1 
(k 2 k + 1) 2 

= 1. 

So the problem is proved . 
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Proof n (0 By xyz = \, let p = x, q = t, r = .1, then 
y 

x = l!.... ,y = !1.. , z = _1_ = I..... , where p, q. r are different from 
q r xy p 

each other. We have 

p 2 q2 r 2 
.. , + , + --'---pC-)", >- 1. (p q) (q r) ( r ~ 

Let 

a ~-p- , b 
P - q 

~ - q-, , 
q - , 

, 
---, , - p 

after the substitution, CD reduces to 2.:a 2 ;;::. 1. Since 

therefore 

- 1 + a 
a 

= !l.. , 
p 

- 1 + b 
b 

, 
= -, 

q 
- 1 + c , = l!...., , 

- 1 + a 
a 

- 1 + b 
b 

-- -,1,-+-'-'0' = I , , 
1 - L;a + L;ab ~ O. 

By (2) . we get 

1 - 2:a 2 = - (a +b +c _ 1)2 ~ 0, 

so 2:a 2 ~ 1. Hence CD holds. 

t 2 + t t + l 
(2) Letb = £2 + £ + 1' c = {2 + t + 1' a 

b, h =-b+c' erel 

can be any rational number except 0 and - 1. While t varies. 

only finite ly many of t va lues can make b. c, a be 1. That is. 

there are infinitely many tri ples of rational numbers a. b. c 
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each different from 1, satisfying 2:a = L;a 2 = 1. By 

( a b ') ( x, y , z) = a - l'b - l' c - l ' 

(2) holds . 

.., Prove that there a re infinitely many posllive integers II 

such th at 1/
2 + 1 has a prime divisor greater than 

2n + ffn. 
Proof I Take any integer m em ~ 20) , P is a prime divisor 

of em ! ) 2 + 1. then p > m ~ 20. Take a integer n such that 

o < n < ~ and n - ± m! (mod p ). Therefore 0 < n < p - n < p 

and 

Now 

( p - 211 ) 2 = p2 - 4pn + 41/ 2 ==: - 4 ( mod p), 

which yields(p -2,, )2 ~ p -4 . 

p ;;, 2n + ..;-p=4 

~ 20 + J 2n + .;p=-:4 - 4 

> 2n + 5 . 

By virtue of CD and ®. we are done. 

CD 

Proof n First . if a prime p - 1 ( mod 4) , then ( ~ 1) = I . 

i.e. there exists an integer n E {t, 2, "', P - 1) such that 

71 2 =- 1 (modp ) . Obviously. for this 11, 

and min In, 

( p _ 11 ) 2 == 11 2 :=- 1 (mod p ) 

P - 1 
P - n ) "' ~~ 2 . Therefore , there ex ists an integer 
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( P - 1) !(p) E 1,2, " ', - 2-

such that PCp) == - 1 (mod p) . 

Next. we will show that if p is surficiently large (p ~ 29). 

n = !(p) satisfies 

271 + /2n < po 

Suppose for some p ~ 29. the above assumption is 

false. Then 

2n + .J2n ~ p ~C1 + 2 .;2n)2 ~ 4p + 1 

", p-1 ,!4p+1 -3 
<=>n ~-2-- 4 . 

P -1 
Let t = - 2- - 11 E Z, then 0 ~ t ~ 

Furthermore. 

0 == 11 2 + 1 == (P ; 1 -tf + 1 

,!4p + 1 -3 
4 

p 2 - 2p + 1 + l2 _ (p - t)t + 1 
4 

3p + 5 
=-4- +t2 +t (mod p) , 

because 41 p - 5. so 

p2 - ~p + 1 _ 3p 4+ 1 = P • P ; 5 = 0 (mod p) . 

Therefore 

Together wit h 

1

'+ + 3p+S p I I - 4- ' 
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O ~~ j4P + 1 - 3 
...", t '"'" 4 ' 

O < t 2 +t + 3p + S 
4 

", (.J4P + 1 - 3)' + .J4p +1 - 3 + 3p + S 
~ 4 4 4 

8p+9-.J4p + 1 
8 

It leads to a contradict ion! 

< po 

So the conclusion @ holds for sufficientl y large prime p. 

p === 1 (mod 4), 

Finally. it remains to show that there are infinitely many 

of such j(p). In fact, 

whenp_ oo , J(p) - 00, Therefore, !(p) can take on 

infinitely many va lues. 

As to the origi nal problem. take n 

corresponding prime di visor . 

Second Day 
0900 - 1330 July 17 .2008 

j(p), P is the 

... Find all functionsJ:(O. + 00) _(0 , + 00) (J isa function 

mapping positive real num bers to positive rea l num bers) 

such that 

(J(w» ' + (J(x»' 
f(y2) + f(% 2) 
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for a ll positi ve real numbers w, x, y, z sat isfying 

wx = yz . 

Solution Take 

w = x = y = z = l , 

then we get (f(t))2 =/O). so f(l) =1. 

For any rea l number t > 0, let w = t , x = 1 , y = z = .fi , 

we get 

(j('))' + 1 
2j(<) 2, 

which impl ies Ctj(<) - 1)(j(<) - <) ~ O. 

So . for any l > O. 

j(') ~ , 0 ' 
1 j(<) ~-. , (j) 

Suppose there existb, c E (0 . + 00) such that f(b) * b. 

f(c) "# ; . By <D . wcget b.c differcntfrom 1 and f(b) =!. 
f(c) = c. 

Take w = b, x = c . y = z = ./bC, then 

1 + ' I] C 

2j(bel 

1 By (j), j(be) ~ be 0' j(bel ~ be. If j(bel ~ be , ,hen 

which yiclds b~ C = c , b = 1. Contradiction! 
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If fCbc) = b~ ' then 

C + b2 c3 

be = b(b2 + c2 ) ' 

that yic1dsb2 c· = b2
, C = 1. Contradiction ! 

Therefore. only two functions: fe x ) = x, x E (0 . + 00 ) 

or fe x ) = ~ . x E (0, + 00 ) . It is easy to verify that these two 
x 

functions satisfy the given conditions. 

o Let nand k be positive integers with k ;;?: nand k - rI an 

even number. Let 211 lamps labelled t . 2, .. . • 2n be 

given, each of which can be either on or off. Initiall y all 

the lam ps are off. We consider sequences of steps: at each 

step one of the lamps is switched from on to off or from 

off to on. 

Let N be the number of such sequences consist ing of k 

steps and resulting in the state where lamps 1 through n 

arc a ll on, and lamps n + 1 through 271 are all off. 

Let M be the num ber of such sequences consisting of k 

steps , resulting in the state where lamps t Ihrough n are 

all on. a nd lamps 11 + 1 through 211 are all off. but where 

none of the lamps n + 1 through 2n is ever switched on. 

D . h . N ctcrmmc t e ratio M. 

Solution Thc ratio is 2~ . 

Lemma For any positive integer t . call a t-element array 

(al. a2 • .. . • at ) wlich consists oJ O. 1 (al' a2 • ... • at E {O. t} ) 

"good" i f there are odd ' O's in it . Prove that there are i -I 
"good " arrays. 
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Proof: In fact, for the same aI ' a2 ' "' , a" when a , isO or 1, 

the parity of Os in these two arrays is different , so only one of 

the arrays is '"good". There are 2' array in a ll , we can match 

one array to the other. there are only a , of them are different. 

Only one of these two arrays is "good". So of a ll the possible 

arrays. only ha lf of them are "good". The lemma is proved. 

Let A be the set of such sequences consisting of k steps and 

resulting in the state where lamps 1 through 11 are all on, and 

lamps n + 1 through 2n are all off. 

Let B the set of such sequences consisting of k steps. 

resulting in the state where lamps 1 through 11 are all on , and 

lampsn + 1 through 271 a rc all off, but where none of the lamps 

11 + 1 through 2n is ever switched on. 

For any b in B, match all a in A to b if "a 's elements are 

the same as b' s ( mod 11 ) " ( For example , taken = 2, k = 4. if 

b = (2, 2. 2, 1). then it could correspond to a = (4, 4, 2, 1), 

a = (2, 2, 2. 1). a = (2, 4. 4 . t) etc) . Since b in B, the nwnocr 

of 1,2, "', n must be odd; a in A. the number of 1, 2, ''', 71 of 

must be odd, and the number of n + 1, "' , 271 must be even. 

For any i E {1. 2, ... . 1I } , if number of ' i ' s in b is b, • 

then a only need to satisfy: for the positions taken by i in b the 

corresponding positions taken by i or II + i in a. and the number 

of 'i' s is odd ( thus the number of 11 + i is even). By lemma and 

" 
the product principle, there are II 26, - 1 = 2~-" 'a' S 

corresponding to b, but on ly one of b Oetting every position of 

a be the remainder when divided by 11) in B corresponds to each 

a in A. 

Therefore 1 A 1 = 21
-

R 1 B I . i. e. N = 2h M . 

Obviously M #. 0 ( because the seq uence ( 1, 2, 11, 
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1I . ··· . n)EB).so 

N ~ 2~ M . 

• Let ABeD be a convex quadrilatera l with I BA I * 1 Be I. 
Denote the inci rcles of triangles ABC and ADC by w, and 

W 2 respecti vely. Suppose that there exists a circle w 

tangent to ray BA extended beyond A and to the ray Be 

extended beyond C. which is a lso tangent to the lines AD 

and eD . 

Prove that the common external tangents to w, and W2 

intersects at a point on w . 

Proof Lemma 1 Let ABeD be a convex 

quadrilateraL , a circle w larlgent to ray BA 

extended beyond A and to the ray Be 
extended beyond C (as shown ill Fig. t), 

w hich is aLso tangent to the lines AD and CD . 

ThenAB +AD = eB + CD. 

Now we prove the Lemma 1. 

LetwmeetAB, BC, CD , DA atP,Q, 

R , S respectively. As shown in Fig. 1 , 

AB + AD ~ CB + CD 

Fig. I 

"'AB + (AD + OS) ~ CB + (CD + DR ) 

",AB + AS ~ CB + CR 

",AB + AP ~ CB + CR 

¢::::>BP = BR. 

This ends the proof of Lemma 1. 

B 

c 
s 

R 

Lemma 2 I f the radii of three circles 0 0 1 , 0 0 2 , 00l 

differ from each other, then their the homothelic centers are 
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collinear . 

Now we prove Lemma 2. 

Let X ~ be the homothetic center of 00 1 and 0 0 2 , X 2 be 

the homothetic center of 00 1 and 003 , and X I be the 

homothetic cente r of 002 and 0 0 3 , r, be the radius 00, 

(i = 1. 2 , 3) . By the property of homothctic 

~ =_ !:J. 
X 30 2 r2 

,-+-+-:c-t----"~x, 
0 , 0 , Here 0\X3 denotes the directed 

segmen t 0 \ X 3 • 

Fig.2 . Simila rl y. 

as shown in 

(hX; _r2 ~ = _r3 

X\0 3 r3 X 20 1 r l 

So 

Fig. 2 

By Menelaus T heorem, X I ' X 2 , X 3 a re collinear. 

Let W I ' 00 2 meet AC at U, V respectively. As shown in 

Fig .3 . 

AV ~ AD + AC -CD 
2 

~ AC + CB -AB 
2 2 

~CU. 

AC + CB-AB 
2 

Hence the excircle W:J of LiABC on the 

side AC meel AC at V. Therefore W 2' W 3 

meet at point V , i. e . V is the homothetic 

B 

center of W 2 ' W 3. Denote the homothe tic Fig. 3 
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centres of W I ' 0) 2 by K ( L c. K is the intersection of two 

externa l common tangents tOW l ' 0) 3 ). by Lemma 2, K. V, B 

are collinea r . 

Similarly, K . D, U are coll inear. 

Since BA #- BC. then U '* V (Otherwise . by AV = CU, we 

know U = V is the midpoint of side AC. It is contradictory 

to BA "* Be ). So BV does not coincide with DU. i. e. 

K ~ BV n DU. 

We now prove that K is on the circle w. 

Construct a tangent l of w which is parallel to AC. Let l 

meet w at T. We will show that B, V. T are coll inear. 

As shown in Fig. 4. l intersects BA, Be at A I ' C , 

respect ively . then w is the cxcirclc of D BA! C l an the side 

A IG , . meet AIC , at T, meanwhile W 3 is the 

excircle of LY\BC on the side AC. meet AC 

at V. SinceAC II A lGI. B is the homothetic 

center of D BAC and 6 BA Ie. V and T arc 

corresponding points, so B. V. Tare 

collinear. 

Similarly. D. V. T are collinear. This 

means K = T. 

This ends the proof. 

B 

Fig. 4 
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